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Abstract—In this paper, we study the optimal deployment
pattern problem in wireless sensor networks (WSNs). We propose
a new set of patterns, particularly when sensors’ communication
range (rc ) is relatively small compared with their sensing range
(rs ), and prove their optimality among regular patterns. In this
study, we discover a surprising and interesting phenomenon—
pattern mutation. This phenomenon contradicts the conjecture
presented in a previous work that there exists a universal elemental pattern among optimal pattern evolution and that pattern
evolution is continuous. For example, we find mutation happens
among the patterns for full-coverage and 3-connectivity when
rc /rs = 1.0459, among the patterns for full-coverage and 4connectivity when rc /rs = 1.3903, and among the patterns for
full-coverage and 5-connectivity when rc /rs = 1.0406. To the best
of our knowledge, this is the first time that mutation in pattern
evolution has been discovered. Also, our work further completes
the exploration of optimal patterns in WSNs.

I. I NTRODUCTION
A. Background and Related Work
Deployment is fundamental in the design and operation
of wireless sensor networks (WSNs). For years, works in
sensor deployment have heavily relied on a result presented in
1939 [12] that states that the regular triangular lattice pattern
(triangle pattern for short) is asymptotically optimal in terms
of the number
of discs needed to achieve full coverage. When
√
rc /rs ≥ 3, the triangle
√ pattern achieves 6-connectivity.
However, rc /rs ≥ 3 does not always hold. As an example,
while the reliable communication range of the Extreme Scale
Mote (XSM) platform is 30 m, the sensing range of the
acoustics sensor for detecting an All Terrain Vehicle is 55 m,
and rc /rs = 0.545 [1]. In practice, the range of possible values
of rc /rs can widely vary. The communication range rc can be
affected by operating frequency, transmission power level, environment, etc. High frequencies with low communication range
have the advantages of small antenna size, frequency reuse,
and low power consumption. Transmission power level is also
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Fig. 1. The shaded areas indicates the focus of this paper. By our work, the
deployment patterns with proved optimality for all ranges of rc /rs that achieve
full coverage and k-connectivity (k ≤ 6) are complete.

critical. For example, the reliable communication range of the
TelosB mote [19] can be adjusted to less than 1 meter using the
lowest power level. Finally, the RF channel’s communication
range is influenced by interference, reflections, scattering, and
shadowing. In practice, the reliable communication range is
often 60–80% of the claimed value [25]. The sensing range rs
also varies greatly for different sensor types as well as upmarket
and downmarket products. It can vary from several centimeters
to tens of meters [19]–[22].
√
The study of optimal deployment patterns for rc /rs < 3
is hard, and work remains to be done. This problem is related
to the covering problem in geometry. Much work has been
done on the issue of covering points in a plane using a
minimum number of given geometric bodies, e.g., disks [10],
[12], [15], [17], orthogonal rectangles [9], fat convex bodies [7],
[18], etc. However, the computational geometry literature only
considers coverage, not connectivity. This is understandable, as
connectivity is a typical networking requirement.
In recent years, some progress has been made in exploring
optimal
patterns for different values of rc /rs that are less than
√
3. Fig. 1 presents the state of the art. All these works assume
a disc model for both sensing and communication. In 2005, the
triangle pattern was shown to be non-optimal; the strip-based
pattern can outperform it when rc = rs [11]. In 2006, the
asymptotic optimality of strip-based patterns that achieve full
coverage and 1- and 2-connectivity was proved in for all ranges
of rc /rs [2]. In 2008, the asymptotically optimal pattern
√ that
achieve full coverage and 4-connectivity for rc /rs > 2 was
proposed and proved to be optimal [4]. In [3], a complete set
of deployment patterns for all ranges of rc /rs that achieve fullcoverage and k-connectivity (k ≤ 6) was proposed. In this set
of patterns, those for 3- and 5-connectivity were proved to be
optimal for rc /rs ≥ 1 among regular patterns (the definition
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Fig. 2. Mutation in the patterns that achieve full coverage and 3-connectivity
when rc /rs = 1.0459. (a) Hexagon based pattern evolution trend that was
believed for all range of rc /rs . (b) The hexagon-based trend stops and is
replaced by one that is based on a collection of squares, hexagons and octagons.

of regular pattern is given in Section II). Optimality is only
conjectured for patterns that achieve 3- and 5-connectivity
√ when
rc /rs < 1, that achieve 4-connectivity when√rc /rs ≤ 2, and
that achieve 6-connectivity when rc /rs ≤ 3. Recently,
√ the
pattern that achieves 6-connectivity when rc /rs ≤ 3 was
provided and its optimality among regular deployments was
proved in [5]. In this paper, we also focus on regular patterns.
B. Our Contributions
We have conducted further study that aims to prove the
aforementioned conjectures. However, we discover the smooth
pattern evolution trends are surprisingly broken by a mutation
phenomenon that disproves previous conjectures. We highlight
our contributions in this paper as follows.
− Proved New Optimal Patterns. In this paper, we propose
new patterns for full coverage and 3-, 4- and 5-connectivity.
We prove their optimality among regular patterns that achieve
/rs < 1, and that achieve 43- and 5-connectivity when rc√
2. As illustrated in Fig. 1,
connectivity when rc /rs ≤
with our work, the deployment patterns with proved optimality
among regular patterns for all ranges of rc /rs to achieve full
coverage and k-connectivity (k ≤ 6) is complete.
− Pattern Mutation. We discover a surprising pattern mutation phenomenon in pattern evolution as rc /rs continuously
changes. Pattern mutation means that the continuous trend of
pattern evolution suddenly stops at a certain value of rc /rs
and a new pattern evolution trend appears. Fig. 2 presents an
example of mutation that happens in the patterns to achieve full
coverage and 3-connectivity when rc /rs = 1.0459. This newly
discovered phenomenon contradicts the conjecture made in [3]
that states that there exists a universal hexagon-based pattern
going through pattern evolution for all ranges of rc /rs .
− Practical Considerations. We notice that it can be
inconvenient to obtain the positions of sensor nodes in some
new patterns, which can hamper deployment in practice. From
the study on pattern mutation, we design practical patterns
that can balance efficiency in terms of the number of required
sensor nodes and deployment convenience. The optimality
proofs in this paper are based on the disc models that are also
adopted by [2], [3], [11], [13], [14], etc. As we know, to build
theoretical foundations, abstraction is inevitable. However, it is
also important to study patterns under more practical models.

Fig. 3. Number of nodes needed by our new patterns and hexagon pattern
for various values of rc /rs , when sensors each with rs = 30 m are deployed
over a 1,000 m × 1,000 m region.

In the paper, we also study our proposed patterns under several
practical considerations.
C. Significance
Our work has both theoretical and practical significance.
To the best of our knowledge, no literature establishes fundamental principles that consider both coverage and connectivity
requirements in geometry. This paper and other works [2]–[4]
have developed approaches to find some solutions when such
foundations are missing. Meanwhile, our discovery of pattern
mutation sheds insights on exploration of other fundamental
issues. In biology, mutation that gives rise to changes in a gene
DNA sequence sometimes reflects changing environmental factors, whereas in optimal pattern study, we believe mutation
also occurs because the “environment,” i.e., the coverage and
connectivity factors, changes beyond a certain threshold. Such
a phenomenon piques our interest and necessitates increased
rigor when studying the multiple covering problem in 2D, the
covering problem in 3D space, etc. Aside from pure theoretical
contributions, our results are important for several reasons.
First, sensor nodes are still not cheap enough. Except for lowend ultrasonic sensors, most sensors usually cost $100–$300
apiece. Deploying the minimum number of nodes is important for economic reasons. As shown in Fig. 3, when the
XSM platform to detect an All Terrain Vehicle is considered
where rc /rs = 0.545, our new pattern can save 34% of
the required sensor nodes compared with the hexagon pattern
that is conjectured to be optimal in [3] for 3-connectivity.
Second, it is now possible to precisely compute the deployment
efficiency of some regular patterns that may be used in practice
for deployment convenience. Third, when heuristic algorithms
are developed for topology control (i.e., determining a sleepwakeup schedule for nodes that preserves coverage and/or
connectivity), it is possible to compute a precise bound on
their performance compared with optimal performance. When
developing these algorithms, the insights from the optimal
deployment pattern proposed in this paper can be used to
improve their performance.
Paper Organization We present system models, definitions,
and notations in Section II. In Section III, we introduce the new
patterns and the mutation phenomenon. Numerical results are
also presented. In Section IV, we prove the asymptotic optimality of these patterns. Practical considerations are discussed
in Section V. We conclude in Section VI.
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II. P RELIMINARIES
In our optimal pattern study, we use the disc model for
sensing and communication. Each sensor is capable of detecting
points only within distance rs and communicating with other
sensors within distance rc . The disc model for both sensing
and communication that provides a useful abstraction from the
real world has been widely adopted, e.g., in [2], [4], [11], [13],
[14]. We will discuss practical considerations in Section V.
We study the asymptotical optimality of deployment patterns,
that is, we consider a relatively large area compared with the
sensing and communication ranges. The boundary effect is not
important here and can be ignored. We study homogeneous
wireless sensor networks where all sensor nodes are identical
in terms of sensing and communication capabilities.
In this paper, we use some key definitions in [3] as follows.
Definition 2.1: Communication Graph: A communication
graph, denoted by Gc = (Vc , Ec ), is a graph that is subject to
the following conditions: 1) the elements of its vertex set V
are sensors, and 2) the elements of its edge set E are straight
line segments connecting all pairs of vertices whose Euclidean
distance is no larger than rc .
Definition 2.2: Deployment Graph: A deployment graph,
denoted by G = (V, E), is a planar subgraph of Gc with V =
Vc and E ⊆ Ec .
There exists a communication graph, Gc , for any given sensor deployment, from which we can obtain multiple deployment
graphs. We write Gk = (Vk , Ek ) to denote a deployment graph
that achieves k-connectivity.
Definition 2.3: Direct Neighbor: In a deployment graph
G = (V, E), if there is an edge between two vertices x and y,
then x and y are direct neighbors of each other.
Definition 2.4: Angular Distance: The angular distance
between two vertices x and y as measured from a given vertex
z is the size of the angle  xzy.1
If a vertex x has kx direct neighbors, then we say that the
degree of x in G is kx . We denote its kx neighbors by n1 , n2 ,
· · · , nkx in some order. We further denote the angular distance
measured from x between n1 and n2 by α1x , between n2
and n3 by α2x , · · · , between nkx −1 and nkx by αkx −1 and
between nkx and n1 by αkx . Now, we are ready to introduce
the definition of regular deployment.
Definition 2.5: Regular Deployment: A sensor deployment
is called regular if it has a deployment graph G where for any
two vertices x and y in G , kx = ky and α1x = α1y , α2x =
α2y , · · · , αkx = αky following the same order.
Definition 2.6: Deployment Polygon: A polygon (i.e., a
simple cycle) in a deployment graph is called a deployment
polygon.
Definition 2.7: Atomic Deployment Polygon: An atomic
deployment polygon, denoted by P a , is a deployment polygon
that contains no vertex or edge in its enclosed region.
1 In this paper, we give all angles in degrees. We represent θ ◦ by θ for
simplicity, e.g., we use 90 to represent 90◦ , i.e., π/2.

Fig. 4. Solid dots denote sensors. Solid lines denote the communication
links established. (a) A deployment graph, G3 , generated by a regular deployment. It can be represented by {3.3.3.3.3.3}. P a s are triangles. (b) G5
{6.3∗ (80).3∗ (80).3.3∗ (20)}. P a s are hexagons and triangles.

Definition 2.8: γ-Optimal Pattern: A regular deployment
pattern is called γ-optimal if it needs the minimum number of
sensors to achieve a given coverage and connectivity requirement, among all regular patterns.
An atomic deployment polygon does not “contain” any other
deployment polygons. We denote a regular P a by Pra and an
α-sided P a by P a (α). We denote a γ-optimal pattern that
achieves full coverage and k-connectivity by Pko .
In this paper, we use vertex configuration to represent deployment graphs. It is given in geometry as a sequence of
numbers representing the information of the faces going around
the vertex. A regular α-edged polygon is denoted by α; an
irregular α-edged polygon is denoted by α∗ ; if the faces going
around a vertex are a regular α-edged polygon, an irregular
β-edged polygon, and a regular polygon with γ sides, then
the configuration of this vertex is {α.β ∗ .γ}. We often add
angle information to vertex configuration. By α∗ (θ), it indicates
the angle at this vertex of an irregular α-edged polygon is θ.
Fig. 4 illustrates two deployment graphs generated by regular
deployments, which can be presented by {3.3.3.3.3.3} and
{6.3∗ (80).3∗ (80).3.3∗ (20)}, respectively.
Studying optimality among regular patterns sheds insights on
exploring globally optimal patterns. For examples, all known
globally optimal deployment patterns are in fact regular, which
include the triangular pattern [12], strip-based pattern [2], and
the 4-connectivity patterns proposed in [4]. Regularity also has
strong practical indications in homogeneous WSNs. However,
the exploration (design and proof) of optimal patterns is not
trivial, even among regular ones.
III. PATTERN M UTATION
In this section, we present optimal patterns for all range of
rc /rs and mutation phenomena for 3-, 4- and 5-connectivity.
A. Optimal Patterns for 3-Connectivity
Fig. 5 shows how optimal patterns that achieve full coverage
and 3-connectivity evolve as rc /rs decreases. We present the
pattern description for P3o as follows. The distance between
two connected sensors is denoted by d.
√
∗
∗
∗
– 3 ≤ rc /r
√s : {6 (60).6 (120).6 (180)}, shown in Fig.
5(a). d = 3rs .
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Fig. 5.

Optimal deployment patterns to achieve full coverage and 3-connectivity for a full range of rc /rs .

Fig. 6.

Optimal deployment patterns to achieve full coverage and 4-connectivity for a full range of rc /rs .

Fig. 7.

Optimal deployment patterns to achieve full coverage and 5-connectivity for a full range of rc /rs .

√
√
2 ≤ rc /rs < 3 : {6∗ (θ1 ).6∗ (θ2 ).6∗ (180)}, shown in
c
Fig. 5(b), where θ1 = 2 arccos 2r
rs , θ2 = 180−θ1 . d = rc .
√
– 1.0459 ≤ rc /rs < 2 : {6∗ (θ1 ).6∗ (θ2 ).6∗ (θ2 )}, shown in
rs
and θ2 = (360 − θ1 )/2.
Fig. 5(c), where θ1 = 4 arcsin 2r
c
d = rc .
– 0.9462 ≤ rc /rs < 1.0459 : {6.8∗ (90).8∗ (150)} (e.g., the
sensor at position A) and {6.4.8∗ (150)} (e.g., the sensor
at position B), shown in Fig. 5(d). d = rc .
– 0.7405 ≤ rc /rs < 0.9462 : {4.8∗ (θ1 ).8∗ (θ2 )}, shown
in Fig. 5(e).
When 0.7655 ≤ rc /rs < 0.9462, θ1 =
√
2 arcsin 2r2rcs , θ2 = 270 − θ1 , d = 0.7655rs . When
–

0.7405 ≤ rc /rs < 0.7655, θ1 = θ2 = 135 (i.e., {4.8.8}),
d = rc .
– 0.7254 ≤ rc /rs < 0.7405 : {12∗ (90).12∗ (162).5} (e.g.,
the sensor at position A) and {4.5.12∗ (162)} (e.g., the
sensor at position B), shown in Fig. 5(f). When 0.7254 ≤
rc /rs < 0.7403, d = rc . When 0.7403 ≤ rc /rs < 0.7405,
d = 0.7403rs .
– 0.4291 ≤ rc /rs < 0.7254 : {12∗ (θ1 ).12∗ (θ2 ).3}, shown
in Fig. 5(g) where θ1 and θ2 are denoted by “◦” and
“×”, respectively. When 0.5176 ≤ rc /rs < 0.7254,
rs
, θ2 = 300−θ1 . When 0.4291 ≤ rc /rs <
θ1 = 2 arcsin 2r
c
0.5176, θ1 = θ2 = 150 (i.e., {3.12.12}). d = rc .
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B. Optimal Patterns for 4- and 5-Connectivity
Fig. 6 shows how the optimal patterns that achieve full
coverage and 4-connectivity evolve as rc /rs decreases. We
present the pattern description for P4o as follows.
√
– 3 ≤ rc /rs : {4√∗ (60).4∗ (120).4∗ (60).4∗ (120)}, shown
in Fig. 6(a). d = 3rs .
√
∗
– 1.3903 ≤ rc /rs < 3 : {4√
(θ1 ).4∗ (θ2 ).4∗ (θ1√
).4∗ (θ2 )},
shown in Fig. 6(b). When 2 ≤ rc /rs < 3, θ1√=
c
2,
2 arccos 2r
rs , θ2 = 180−θ1 . When 1.3903 ≤ rc /rs <
θ1 = θ2 = 90 (i.e., {4.4.4.4}). d = rc .
– 1 ≤ rc /rs < 1.3903 : {3.6√∗ (θ1 ).3.6∗ (θ2 )}, shown in Fig.
s
, θ2 = 240 − θ1 . d = rc .
6(c), where θ1 = 2 arcsin r3r
c
– rc /rs < 1 : {6.3.6.3}, shown in Fig. 6(d). d = rc .
In these patterns shown in Fig. 6, there exists one mutation
point at rc /rs = 1.3903.
Fig. 7 shows how the optimal patterns that achieve full
coverage and 5-connectivity evolve as rc /rs decreases. We
present pattern description for P5o as follows.
√
∗
∗
– 3≤
√rc /rs : {4 (60).4 (120).3.3.3}, shown in Fig. 7(a).
d = 3rs .
√
√
– 2 ≤ rc /rs < 3 : {4∗ (θ1 ).4∗ (θ2 ).3.3.3}, shown in Fig.
c
7(b), where θ1 = 2 arccos 2r
rs , θ2 = 180 − θ1 . d = rc .
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– rc /rs < 0.4291 : {3.16∗ (135).16∗ (165)} (e.g., the sensor
at position A) and {3.8.16∗ (165)} (e.g., the sensor at
position B), shown in Fig. 5(h). When 0.4118 ≤ rc /rs <
0.4291, d = 0.4118rs . When rc /rs < 0.4118, d = rc .
Recall the notation of vertex √
configuration in Section II.
{6∗ (60).6∗ (120).6∗ (180)} when 3 ≤ rc /rs (shown in Fig.
5(a)) suggests that each node is shared by three irregular
hexagons in this pattern. Three inner angles at this node
from these hexagons are 60, 120 and 180, respectively.
When 0.9462 ≤ rc /rs < 1.0459 (shown in Fig. 5(d)),
{6.8∗ (90).8∗ (150)} and {6.4.8∗ (150)} suggest that there are
two types of nodes. Each node of the first type is shared by
one regular hexagon and two irregular octagons, while each of
the second type is shared by one regular hexagon, one square
and one irregular octagon.
Mutation occurs when some trend of pattern changes is
stopped by another pattern. As shown in Fig. 5(a)–(c), when
rc /rs ≥ 1.0459, there exists a universal hexagon-based pattern
that provides the elementary unit for pattern evolution as rc /rs
decreases. The trend of such variation is to enlarge the area
of the hexagon with decreasing rc and while maintaining full
coverage at the same time. This trend was conjectured in [3]
to continue for all ranges of rc /rs . However, our new patterns
show that mutation occurs at the point of rc /rs = 1.0459. The
aforementioned trend is stopped by a new pattern shown in Fig.
5(d). In this new pattern, the hexagon-based trend breaks and
is replaced by one that is based on a collection of squares,
hexagons and octagons. Such mutation happens 5 times in
the evolution of patterns that achieve full coverage and 3connectivity. The mutation points are 1.0459, 0.9462, 0.7405,
0.7254 and 0.4291.

optimal pattern for full coverage and 5−connectivity
pattern {3.3.3.4.4} for full coverage and 5−connectivity

12000
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8000
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0.5

1
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rc/rs

Fig. 8.
Nodes needed in P3o , P4o , and P5o when compared with the
conjectured-optimal patterns in [3], respectively. Sensors each with
√ rs = 30
m are deployed over a 1,0002 m2 region. rc is from 0.3rs to 2rs .

√
– 1.0406 ≤ rc /rs < 2 : {4.4.3.3.3}, shown in Fig. 7(c).
d = rc .
– rc /rs < 1.0406 : {6.3.3.3.3}, shown in Fig. 7(d). d = rc .
In these patterns shown in Fig. 7, there also exists only one
mutation point at rc /rs = 1.0406.
C. Numerical Results
Fig. 8 illustrates how many sensor nodes can be saved by our
γ-optimal patterns when compared with the conjectured optimal
patterns in [3]. Sensors each with rs = 30√m are deployed over
a 1, 0002 m2 region. rc is from 0.2rs to 2rs .
– For 3-connectivity, our pattern can save many required
nodes compared with the conjectured optimal hexagonbased pattern. When rc /rs = 0.3, it can save 40.5% of
the required nodes. When rc /rs = 0.5, it can save 35.4%
of the required nodes.
– For 4-connectivity, our pattern can save more than 13% of
the required nodes compared with the conjectured optimal
square-based pattern when rc /rs ≤ 1.
– For 5-connectivity, our pattern can save around 8% of
the required nodes compared with the conjectured optimal
pattern {3.3.3.4.4} when rc /rs ≤ 1.

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE INFOCOM 2010 proceedings
This paper was presented as part of the main Technical Program at IEEE INFOCOM 2010.

IV. O PTIMALITY P ROOF
In this section, we provide optimality proofs for the patterns
proposed in Section III.
A. Optimality of 3-Connectivity Patterns
Theorem 4.1: Patterns as shown in Fig. 5 are γ-optimal to
achieve full coverage and 3-connectivity.
We begin by introducing the roadmap of our proof. The optimality proof for 3-connectivity patterns consists of two major
steps. In the first step, we find all possible regular patterns that
can satisfy full coverage and connectivity requirements. In this
step, we take advantage of regular deployments’ macroscopic
properties to divide the search space into smaller spaces. In
the second step, we compare the patterns obtained from the
first step for ranges of rc /rs to obtain optimality. Comparison
among different patterns is based on the average area that each
sensor covers in these patterns. A basic deployment graph with
a k-connectivity regular pattern consists of m types of pα s.
If the measure and the edge number of each polygon of the
ith type is Si and ei respectively, and the ratio of the number
· , rm , then 
the average area
of polygons in each type is r1 , · ·
m
m
that each sensor covers is S = k i=1 ri Si /( i=1 ri ei ). The
pattern is optimal if and only if S has the maximal value.
To find out all possible regular patterns, the following Lemma
4.1 establishes an important foundation.
Lemma 4.1: In a regular deployment with k-connectivity
(k = 3, 4, 5) consisting of n sensors, let ωk denote the
average edge number of atomic deployment polygons. Then
limn→∞ ω3 = 6, limn→∞ ω4 = 4, and limn→∞ ω5 = 10/3.
Proof: Any planar deployment graph Gk with k > 2 can
be considered as a non-overlapped tiling of a set of deployment
polygons. Let the number of deployment polygons in Gk be
denoted by NP , the degree of the ith vertex by μi .
Then from the Euler relationship, we have |Vk | − |Ek | +
|Vk |
NP = 1. Since each edge has two vertices, i=1
μi = 2|Ek |.
|Vk |
(μi −
Replacing it into the Euler relationship, we obtain i=1
2) + 2 = 2Np . Hence the average edge number of atomic
is
deployment
in Gk 
|Vk |
|Vpolygons
|Vk |
k|
μi /Np = (2 i=1
μi )/( i=1
(μi − 2) + 2).
ω = i=1
By substituting |Vk | = n and μi = m in the above equation
and taking the limit, we obtain the Lemma.
Lemma 4.1 shows the average number of edges of P a s are
asymptotically bounded. It suggests the polygon types in a
regular deployment cannot be random. The following Lemma
4.2 presents all the possible regular patterns.
Lemma 4.2: Among the patterns consisting of equilateral
P a s, all possible regular patterns that can satisfy full coverage and 3-connectivity requirements, besides those appear in Fig. 5, are {12.4.6} and {16∗ (160).3.10∗ (140)} (or
{16∗ (160).3.16∗ (140)}, {10∗ (160).3.10∗ (140)}) as shown in
Fig. 9.
The proof of Lemma 4.2 is very long and due to space
limitations, we present the proof in [6].

Fig. 9. (a) The {12.4.6} pattern. (b) There are three types of vertex configurations in this pattern {16∗ (160).3.10∗ (140)} or {16∗ (160). 3. 16∗ (140)}
or {10∗ (160).3.10∗ (140)}. The 160 angles are denoted by “×” and the 140
angles are denoted by “◦”.

To prove Theorem 4.1, we also need several useful conclusions that have been published. From [3], to search for optimal
patterns, we only need to consider the patterns consisting of
equilateral P a s. Also, it has been proved in Theorems 4.1 and
4.5 of [3] that any regular deployment can be considered as
a set of atomic deployment polygons covering the same area.
Now we can prove Theorem 4.1.
Proof: (1) It was proved in the proof of Theorem 4.1 of [5]
that the Theorem is true for the cases where rc /rs ≥ 1.04592 ,
and when rc /rs < 1.0459, the average area that each sensor
covers in Fig. 5(d) is bigger than that in Fig. 5(c). Also, it was
proved there that the
√ average area that each sensor of covers in
Fig. 5(d) is (7 + 5 3)rc2 /12 when the edge length of polygons
is rc ≤ rs .
(2) We consider the pattern {4.8∗ (θ1 ).8∗ (θ2 )}. We consider
the pattern {4.8.8} first. To achieve full coverage, the sensors
placed in the regular octagons’ vertices should cover the
octagons’ area completely, and hence the distance between the
vertexes and the center of a octagon should not be greater than
rs . This is the case when the edge length rc of octagons is not
greater than 2 cos
√67.5rs and then the2 average area each sensor
covers is (3 + 2 2)rc2 /4 = 1.4571r
c.
√
2 − 2 = 0.7655, one
When rc /rs > 2 cos 67.5 =
way to achieve full coverage is by transforming the edge rc
into αrc (0 < α < 1) such that αrc /rs = 2 cos√
67.5 and
then the average area each sensor covers is α2 (3 + 2 2)rc2 /4.
Another way to achieve full coverage is by keeping the edge rc
unchanged while changing the regular octagons into octagons
with two types of inner angles such that the sum of these
angles is 270. Denote the smaller inner angles of octagons by
2A (45 < A < 67.5). When the distance between a vertex
with a larger inner angle and the center of a octagon is not
greater than rs , the sensors placed in the octagons’ vertices
cover the octagons’s
area completely. When this distance is rs ,
√
A = arcsin( 2rs )/(2rc ) and the area of an octagon
 is√S8 =
2
2
2rs +4rc sin A cos A.√
As αrc /rs = 2 cos 67.5 = 2 − 2, we
2A]rc2 . Hence the average
find that S8 = [(2 + 2)α2 + 2 sin√
area that each sensor covers is [(2+ 2)α2 +2 sin 2A+1]rc2 /4.
As 0 < α < √1 and 45 < A < 67.5, this area is greater
than α2 (3 + 2 2)rc2 /4, which means that the average area
2 We

keep the first four digits after the decimal point in the proofs.
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that each sensor covers in the latter case is larger than that
in the former case. To make this area larger than the average
area that each sensor
in the pattern considered√in Fig.
√ covers
2
2)α
+
2
sin 2A + 1]/4 ≥ (7 + 5 3)/12.
5(d), we need [(2 +
√
2r
/(2r
)
and
Since
sin
A
=
s
c
 αrc /r

√
√s = 2 cos 67.5 =
2 − 2, we have sin A = α/ 4 − 2 2. Hence, from the
above inequality we obtain that α = 0.8089. It follows that
rc /rs = 2 cos 67.5/α ≤ 0.9462.
(3) By an argument similar to that of (2), we can prove
that when rc /rs ≤ 0.7405, the average area that each sensor
covers in the pattern considered in Fig. 5(f) is larger than that
considered in Fig. 5(e); when rc /rs ≤ 0.7254, the average
area each sensor covers in the pattern considered in Fig.
5(g) is larger than that considered in Fig. 5(f); and when
rc /rs ≤ 0.4291, the average area each sensor covers in the
pattern considered in Fig. 5(h) is larger than that considered
in Fig. 5(g). We omit the detailed proof because of space
limitations. The details are provided in [6].
(4) We prove neither {12.4.6} nor {16∗ (160). 3.10∗ (140)}
(or {16∗ (160).3.16∗ (140)}, or {10∗ (160).3.10∗ (140)}) can be
optimal pattern. We compare the {12.4.6} pattern with the
pattern considered in Fig. 5(g). To achieve full coverage in
the {12.4.6} pattern, the distance between a vertex and the
center of the dodecagon is not greater than rs , which occurs
only
 when
√ the edge length rc of polygons is not greater than
2 − 3rs = 0.5176rs . Then the pattern considered in Fig.
5(g) should be {12.12.3}. Since in the {12.4.6} pattern, the
ratio of dodecagons, hexagons and squares is 1:2:3, the average
area that each sensor covers is (3 tan 75+3 tan 60+3)rc2 /12 =
1.6160rc2 ; while in pattern {12.12.3}, the ratio of dodecagons
and triangles is 1:2, the average area that each sensor covers is
(3 tan 75 + tan 60/2)rc2 /6 = 2.0103rc2 . Since the latter one
is bigger than the former one, the {12.4.6} pattern is not
optimal. Similarly, compare pattern {16∗ (160).3.10∗ (140)} (
or {16∗ (160).3.16∗ (140)}, or {10∗ (160).3.10∗ (140)}) with the
pattern considered in Fig. 5(g), we can prove this pattern is not
optimal neither.
By Lemma 4.2 and steps (1)–(4) above, we have proved
Theorem 4.1.
Remarks: (1) Pattern mutation derives from the fact that
the average area that each sensor covers in different patterns
changes in different speed as rc /rs varies, as illustrated in
our proof. (2) In [3], we ignored the patterns considered in
Fig. 5(d) and declared that the hexagon pattern is optimal when
rc /rs ≥ 1. This error was corrected in [5]. (3) In the example
of [1] which we mentioned in Section I, rc /rs = 0.545 and the
optimal pattern in this case is {12∗ (133).12∗ (167).3}. When
the edge length of polygons is rc , the average area each sensor
covers is 1.9672rc2 in this pattern, while the average area each
sensor covers is only 1.2990rc2 in the hexagon pattern. That
verifies our new pattern can save around 34% of sensor nodes
compared with the hexagon pattern.

Proof: By Lemma 4.1, we find that the average edge
number of all atomic deployment polygons is 4. We first
consider √
the case where all P a s have 4 edges. When 1 <
rc /rs < 2, the maximum area occurs when P a s are squares.
As rc /rs further increases, the maximum area occurs as P a s
are rhombuses. It was proved in [4], the√pattern shown in Fig.
6(a) and (b) are optimal when rc /rs > 2.
We then consider the case where there are P a s with n edges
(n > 4). By our assumption, each n-sided P a must be paired
with n − 4 triangles. When n > 6, 3(n − 4) > n. Hence,
among the four angles that share one vertex, there must be two
60 angles and the other two with average 120. This implies
that the polygon consisting of these two angles whose average
is not greater than 120, which is a contradiction for n > 6.
Hence, we only need to consider n = 5 and n = 6.
We then first consider n = 5. If an equilateral pentagon
is irregular, it must have at least three types of inner angles,
among which there exist three angles whose sum is larger than
324. This is impossible, since there will be no 60 angles. If a
pentagon is regular, then among the four angles that share one
vertex, there is at least one 60 angle, one 108 angle. The left
two angles cannot be both 60 nor one 60 and one 108. So there
must be another type of polygon whose edge number is larger
than 3. Since it has been shown this type of polygon can only
be a hexagon and the average of a hexagon’s inner angles is
120, it is impossible. Hence, only n = 6 should be considered.
When n = 6, among the four angles that share one vertex,
there are two 60 angles, and the other two have average 120.
The pattern is {6.3.6.3}. When rc ≤ rs , if the hexagon is
regular with edge length rc , then the sensors located in the
hexgaon’s vertices can cover its area completely. Since the ratio
of triangles to hexagons is 2:1
√ in this pattern, the average area
that each sensor covers is 2 3 3 rc2 = 1.1547rc2 . When rc > rs ,
the first way to achieve full coverage is by transforming the
edge rc into krc (0 < k < 1) such that krc =√ rs . In this
case, the average area that each sensor covers is 2 3 3 k 2 rc2 . The
second way to achieve full coverage is by changing the inner
angles of regular hexagons into two types of inner angles such
that the sum of two types of inner angles is 240 while keeping
This pattern is {3.6∗ (θ1 ).3.6∗ (θ2 )},
the edge rc unchanged.
√
3rs
where θ1 = 2 arcsin rc , θ2 = 240 − θ1 . With arguments that
are similar to that in the second step in the proof for Theorem
4.1, we are able to prove the average area that each sensor
covers in the second way is larger than that in the first way and
larger than that in the rhombus pattern when rc /rs < 1.3903.

B. Optimality of 4- and 5-Connectivity Patterns
Theorem 4.2: Patterns as shown in Fig. 6 are γ-optimal to
achieve full coverage and 4-connectivity.

A. Pattern Deployment

Theorem 4.3: Patterns as shown in Fig. 7 are γ-optimal to
achieve full coverage and 5-connectivity.
The proof for Theorem 4.3 is similar to that for Theorem
4.2. We give the proof in [6].
V. P RACTICAL C ONSIDERATIONS
In this section, we show how to deploy sensors following the
above optimal patterns and present some practical deployment
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number of sensors needed

10000

6000
4000
2000
0.3

Fig. 10. (a) This pattern can be easily deployed based on the location of
sensors in lines and the distance between lines. (b) In this pattern, the number
of lines and the positions of sensors (particularly the first sensor) at each line
are not easy to obtain.

Fig. 11. Patterns we design for full-coverage and 3-connectivity. (a) For
0.6184 ≤ rc /rs < 0.8089. (b) For rc /rs < 0.4813.

patterns designed for the purpose of deployment convenience.
Due to regularity of the proposed patterns, we can deploy
sensors along certain lines. We call these lines deployment lines.
For example, to deploy the pattern shown in Fig. 10(a), we can
first deploy sensors along the dashed lines and then repeat this
process. More specifically, we have two types of lines in this
example according to the sensor node positions along the line.
The horizontal positions of each sensor on one line are in the
middle of two neighboring sensor nodes on the other line. To
deploy such a pattern, we only need to control the locations
of sensor nodes in the line (particularly the first sensor) and
the distance between lines. Deployment can be facilitated by
repeating the process of deploying sensors at multiple lines.
However, in some optimal patterns there are several deployment
lines and the positions of sensors are not easy to obtain, e.g., the
pattern shown in Fig. 10(b). This may hamper such patterns’
applications in spite of their optimality.
We learn from pattern mutation that “bubbles” appear when
rc /rs is small. We then tackle the problem by designing
new patterns that can balance deployment convenience and
optimality. Fig. 11(a) shows the pattern that we design for
0.6184 ≤ rc /rs < 0.8089 for 3-connectivity. In this pattern,
when 0.7655 ≤ rc /rs < 0.8089, d = 0.7655rs ; when
0.6184 ≤ rc /rs < 0.7655, d = rc . Fig. 11(b) shows the
pattern that we design for rc /rs < 0.4813. In this pattern,
when 0.4531 ≤ rc /rs < 0.4813, d = 0.4531rs ; when
rc /rs < 0.4531, d = rc . When 0.4813 ≤ rc /rs < 0.6184, the
pattern that we design is similar to Fig. 11(b) that consists of
squares, equilateral octagons and equilateral dodecagons with
two squares at each side (in Fig. 11(b) there are three squares

γ−optimal pattern for full coverage and 3−connectivity
hexagon pattern for full coverage and 3−connectivity
designed practical patterns

8000

0.4

0.5

0.6

0.7

0.8
0.9
rc/rs

1

1.1

1.2

1.3

1.4

Fig. 12. Number of nodes needed in optimal patterns P3o , our designed
m are
practical patterns, and the hexagon pattern. Sensors each with rs = 30 √
deployed over a 1, 000 m × 1, 000 m region. rc varies from 0.3rs to 2rs .

at each side). In this pattern, when 0.5858 ≤ rc /rs < 0.6184,
d = 0.5858rs ; when 0.4813 ≤ rc /rs < 0.5858, d = rc . The
above ranges are determined by comparing the average area
that each sensor covers and the requirement to achieve full
coverage. The derivations thereof can be found in [6]. These
patterns are easy to deploy. Each pattern has two types of
deployment lines. Fig. 12 shows the number of nodes needed
with the optimal patterns P3o , our designed practical patterns,
and the hexagon pattern that was conjectured optimal in [3],
respectively. Compared with the hexagon pattern, these patterns
can save 16% sensor nodes when rc /rs = 0.6, around 20%
when rc /rs = 0.5, and around 29.2% when rc /rs = 0.4.
Interestingly, during the above pattern design procedure that
follows what we have learned from the mutation phenomenon,
we discover that γ-optimal patterns are not necessarily globally
optimal. This is an intriguing direction for our future work.
B. Other Practical Considerations
In reality, the sensing range may follow certain statistical
models [16], [23]. The disc model can be obtained from these
models by first setting a desirable threshold for sensing quality
or probability, and then exploiting this threshold to determine
the largest possible distance between the sensor and the target.
This distance is considered the sensing range rs . In some cases,
the sensing area is non-disc even after a threshold has been
set. Cao et al. in [8] suggest the sensing capability roughly
follows a Gaussian distribution over different directions. We
study by simulation the impact from such sensing irregularity
on coverage in our optimal deployment patterns. Due to space
limitations, the results are not shown in this paper. From the
simulation results, we observe that higher sensing irregularity
will result in lower overall coverage and a smaller rc value
can help overcome the decreased coverage shrinking brought
by sensing irregularity. These observations can be explained
from the view of overlapping areas. The deployment patterns
that generate more overlapping area are more tolerant to sensing irregularities. Given each sensor’s sensing area, there are
naturally two ways to increase overlapping areas in patterns:
(1) adopt a smaller communication range such that sensors are
closer to each other; (2) adopt deployment patterns that can
achieve higher connectivity such that more sensors overlap.
To consider a practical communication model, we use a
widely used model suggested by Zuniga and Krishnamachari
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Probability to Establish Local 3−Connectivity
with the PRR ≥ 0.95

in [24]. This model established the function of the distance
between the transmitter and the receiver and the communication
link quality measured by the packet reception rate PRR. At
distance d, the PRR can be expressed as P RR(d) = (1 −
n
)/2)8 , where Pt is the output power of
exp(− Pt −P L(d)−P
2
the transmitter, P L(d) is the path loss at distance d, Pn is the
noise floor and  is the frame length. We run simulations for
each sensor to establish local 1–6 connectivity, respectively. We
consider the connection established when P RR ≥ 0.95. We let
rc /rs vary from 0.3–1.8 such that all patterns are covered. We
pick the transmission power Pt in the above model to illustrate
its impact since it is an adjustable property of a physical device
and does not depend on the external environment. For each
combination of Pt and an optimal pattern, we run simulations
10,000 times. The probability is then the ratio of the number
of times when a link with P RR ≥ 0.95 can be established to
10,000. Other parameters are from empirical data in [24].

1
0.8
0.6
0.4
0.2
0
60
2

40

1.5
1

20
Transmission Power Pt (dbm)

0.5
0

rc/rs

0

Fig. 13. The probability for a sensor to establish links with PRR ≥ 0.95 to
three specific neighbors for different transmission power Pt and distance d.
rs = 30 m.

In our results, as the transmission power increases for a
given pattern decided by rc /rs , we notice that the probability
transition from 1 to 0 gets slightly sharper as the connectivity
k increases. Due to space limitations, we only show this for
3-connectivity in Fig. 13. The smoothly changing surfaces also
illustrate that if we want to ensure local k-connectivity (and
hence global k-connectivity) in practice with high probability,
the output power Pt should satisfy 1 − P [F (rc , rs , Pt ) ≥
x]k ≤ , where the function F calculates the PRR, x denotes a
threshold of the PRR above which the link quality is considered
acceptable, and  is a small positive number.
In real deployment, we should also consider deployment
errors and how to overcome geographical constraints on deployment area. In some cases, hierarchical sensor network
architectures are desirable. Providing a fundamental reference,
our optimal deployment patterns in this paper are still valuable
when these practical issues are considered. Further discussion
on these issues is omitted in the paper due to space limitations.
Interested reader can refer to [2]–[6] for detailed discussion.
VI. C ONCLUSION
In this paper, we present and study a surprising and interesting pattern mutation phenomenon discovered in our exploration

of pattern optimality. This phenomenon contradicts the conjectures presented in a previous work that there exists a universal
elemental pattern among optimal pattern evolution and the pattern evolution is continuous. Our work also further completes
the exploration of optimal patterns in WSNs. Searching for
optimal patterns among all patterns (beyond regular constraints)
and proving their optimality are part of our future work. We
will also extend our proposed patterns under practical models.
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