
MATH 152, FALL 2004: FINAL 

There are five problems. Do all of them. Total score: 160 points. 

Problem #1 ,  (25 points) 
For both of the following functions f on [0, 11, state whether the Fourier cosine series 
on [0, I] converges in each of the following senses: uniformly, pointwise, in L2. If 
the Fourier series converges pointwise, state what it converges to for each x E [0, I ] .  
Make sure that you give the reasoning that led you to the conclusions. 

1. f (x)  = x(sin(n-X/L))~, 
2. f (x) = 0, for 0 5 x 5 112, and f (x) = 1 for 112 < x 5 1. 

Problem #2, (25 points total) 

1. (8 points) Find the general solution of the PDE 

u, + 2yuy = 0 

on R, x Ry. 
2. ( 7 p o i n t s )  Now impose in addition that u(0, y) = y. Find u explicitly. 
3. (10 points) Consider the PDE 

Urn + 2yuy = x 

on IR, x R,. Find its general solution. 

Problem #3, (35 points total) 
Consider the differential operator 

on twice differentiable functions f on [0, I] which satisfy Dirichlet boundary con- 
ditions f (0) = f (1) = 0. That is, for these functions f ,  A f = -(x2 fl(x))'. Let 

1 - (f ,  g)  = So f (x)g(x) dx denote the standard inner product on functions. 

1. (10 points) Show that A is positive: (Af, f )  2 0 for all f satisfying the 
conditions above. 

2. (5 points)  Use 1. to prove that all the eigenvalues of A are real and positivek. 
3. (10 points) Show that A is symmetric: (Af, g) = (f, Ag) for all functions f ,  g 

satisfying the boundary conditions. 
4. (10 points) Use 3. to prove that all eigenvectors associated to different eigen- 

values are orthogonal. 

Problem #4, (35 points total) 
Consider the heat equation ut = kuee in a thin ring, and suppose that the initial 
temperature of the ring is u(Q, 0) = 4(Q), Q E [O,2n-1, 4 is a given function. Since 
physically Q is defined up to the addition of integer multiples of 2n-, we may consider 
u as a 2~-periodic function of 0. 
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1. (9 points) The total heat energy in the ring at time t is 
r27r 

Q(t) = / u(B, t )  dB. 
0 

Using the PDE, show that Q(t)  is a constant (independent of t ) .  (Hint: 
consider dQ/dt.) 

2. (12 Using the separation of variables, show that the general solution 
of the heat equation is 

03 

A012 + epn2 kt (A,  cos(n6) + B, sin(nQ)), 
n= 1 

and find A,, B, in terms of 4. 
3. (7points) Find Q in terms of the A, and B,. What does the conservation of 

heat energy, as in I. ,  correspond to in the series solution 2.? 
4. (7 points) Find limt,+, u(Q, t)  in terms of 4. Interpret the result physically. 

Problem # 5 ,  (40 points total) 
In this problem we compare Laplace's equation and the wave equation in a half- 
space. For the sake of uniformity of notation, we let (x, y) be our variables in R2, 
work in the half plane y > 0, and consider 

(L) u,, + uyy = 0, respectively (W)  u,, - uyy = 0, 

with 

4 x 1  0) = 4(x),  u,(x, 0) = 4(x) ,  

where 4, 4 are given test functions. Thus, in the wave equation, you can think 
of y as the time variable, and we have the usual two initial conditions, while in 
Laplace's equation this amount to  imposing both Dirichlet and Neumann boundary 
conditions at y = 0. We assume that u is a tempered distribution. 

1. (10 points) Take the Fourier transform in x of both PDE's and the conditions 
at y = 0. That is, let &([, y) = F,u(5, y) = JR e- ix~u(x,  y) dx. Recall that 
F,(D,u) = [FZu, where D, = +&, and show that the PDE's become 

(i) - e2ii + CVy = 0, respectively (w) - c2& - Guy = 0. 

What are the conditions at y = O? 
2. (12 points) Solve the ODE'S (i), resp. (w),  together with the conditions at 

y = 0. 
3. (8 points) Show that for (w ) ,  the solution is a tempered distribution in 5 

and y. (Recall that every continuous function u such that lu(5, y)l 5 C(l + 
1[12 + Iy12)N for some C and N is a tempered distribution.) By taking the 
inverse Fourier transform, write u as a sum of two terms, each of which is the 
convolution of a source function (which you do not have to  calculate explicitly) 
and 4, resp. $. 

4. (10 points) Show that for (i), in general, the solution is exponentially in- 
creasing in y > 0, hence is not a tempered distribution. What equation must 
4 and 4 satisfy to  make the exponentially increasing term in 6 disappear? In 
particular, show that 4 determines .11, if G is polynomially bounded, i.e. it suf- 
fices to specify the Dirichlet boundary condition 4. Again, in this situation, 
write u as a convolution. 
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