
Dynamics of Linked Hierarchies

Constrained dynamics
The Featherstone equations



Constrained dynamicsy

Apply force to one component, other components repositioned, from near 
to far to satisfy distance constraintsto far, to satisfy distance constraints

F



Constrained Body DynamicsConstrained Body Dynamics

Chapter 4 in:
Mirtich

Impulse-based Dynamic Simulation of Rigid Body 
S tSystems

Ph.D. dissertation, Berkeley, 1996
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PreliminariesPreliminaries
• Links numbered 0 to n

Fi d b li k 0 O t t lik li k• Fixed base: link 0; Outermost like: link n
• Joints numbered 1 to n
• Link i has inboard joint, Joint i
• Each joint has 1 DoF
• Vector of joint positions: q=(q1,q2,…qn)T

1

2 n
…
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The ProblemThe Problem
• Given:

– the positions q and velocities of the n joints of 
a serial linkage, 

q&

– the external forces acting on the linkage, 
– and the forces and torques being applied by the 

joint actuatorsjoint actuators
• Find: The resulting accelerations of the joints:q&&
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First Determine equations that q
give absolute motion of all links

Given: the joint positions q, velocities 
and accelerations
Compute: for each link the linear and  

l l it d l ti l tiangular velocity and acceleration relative 
to an inertial frame
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Notation – global variablesNotation global variables

v Li l it f li k iiv Linear velocity of link i

Li l ti f li k i
ia Linear acceleration of link i

iω Angular velocity of link i

iα Angular acceleration of link i
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Joint variablesJoint variables

joint positionq joint position

joint velocity

iq

iq&

iu Unit vector in direction of the axis of joint i

joint velocityiq

i

ir
Unit vector in direction of the axis of joint i

vector from origin of Fi-1 to origin of Fii

id vector from axis of joint i to origin of Fi
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Basic termsBasic terms
• Fi – body frame of link i
• Origin at center of mass

Frames at center of mass

• Origin at center of mass
• Axes aligned with principle axes of inertia

Fi

a es a ce e o ass

u

ri di

Fi-1

Need to determine: q&&ui

],[ qq &

Need to determine: q
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State vectorAxis of articulation



From base outwardFrom base outward

• Velocities and accelerations of link i are 
completely determined by:completely determined by:

1. the velocities and accelerations of link i-1
2 and the motion of joint i2. and the motion of joint i
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First – determine velocities and 
l iaccelerations

From velocity and acceleration of previous 
link, determine total (global) velocity and 
acceleration of current link

Computed from base outward

iiii av αω ,,,,111,1 ,,, −−−− iiii av αω

Computed from base outward

To be computed

,111,1 iiii

relrelrelrel av αω ,,,
Motion of link i-1

Motion of link i
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relrelrelrel ,,,,
Motion of link i from local joint



Compute outwardCompute outward
Angular velocity of link i = 

angular velocity of link i 1 plusangular velocity of link i-1 plus 
angular velocity induced by rotation at joint i

relii ωωω += −1

Li l itLinear velocity = 
linear velocity of link i-1 plus
linear velocity induced by rotation at link -1 pluslinear velocity induced by rotation at link -1 plus
linear velocity from translation at joint i

vrvv +×+= ω
R.Parent, CSE788 OSU

reliiii vrvv +×+= −− 11 ω



Compute outwardCompute outward
relii ωαα &+= −1Angular acceleration propagation

Linear acceleration propagation

reliiiiii vrraa && +×+×+= −−− 111 ωα

Rewritten, using reliiii vrvv +×+= −− 11 ω1−−= iii vvr& and
(from previous slide)(relative velocity)

+&

relreliiiiiiii vvrraa &+×+××+×+= −−−−− 11111 )( ωωωα

reliii vrr +×= −1ω
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relreliiiiiiii 11111 )(



Compute outwardCompute outward
Angular acceleration propagation

ωαα &+=

Linear acceleration propagation

relii ωαα += −1

relreliiiiiiii vvrraa &+×+××+×+= −−−−− 11111 )( ωωωα

Need
rel

rel

v&
&ω

q&
In terms of joint axis motion

rel

i

i

q
q
&&
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Define wrel and vrel and rel rel
their time derivatives

uq&υ &&ξ
Axis times parametric velocity Axis times parametric acceleration

Joint velocity vector Joint acceleration vector

iii uq=υ
iii uq=ξ

prismatic revolute

(unkown)

0=relω irel υω =
prismatic revolute

rel

irelv υ= iirel dv ×=υ
R.Parent, CSE788 OSU



Velocity propagation formulaeVelocity propagation formulae
(revolute)

linear

reliiii vrvv +×+= −− 11 ω

iiiiii drvv ×+×+= −− υω 11

iirel dv ×=υ

iiiiii −− 11

angular ωωω += relii ωωω += −1

irel υω =

R.Parent, CSE788 OSU
iii υωω += −1



Ti  d i ti  f d Time derivatives of vrel and wrel
(revolute)

Joint acceleration vector
Change in joint velocity vector

iiirel υωξω ×+= −1&

)()(2 1 iiiiiiiirel dddv ××+×+××= − υυξυω&

From change in joint velocity vector

From joint acceleration vector
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From change in joint velocity vector

From change in change in vector from joint to CoM



D i ti  f &Derivation of
&

(revolute)
relv&

iii uq=υ
uququq iiii &&&&&&& +=+= ξυ iii uu ×= −1ω&

iiii υωξυ ×+= −1&

dd &
iiiiiirel ddd

dt
dv

dt
d

& ×+×=×= υυυ )()(

iiiiii ddd ×+=×= )( 1 υωω&

)()(2 1 iiiiiiiirel dddv ××+×+××= − υυξυω&
iiiiii ddd − )( 1 υωω
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Acceleration propagation formulaeAcceleration propagation formulae
(revolute)

linear vrraa && +×+×+= ωα Previously linear reliiiiii vrraa +×+×+= −−− 111 ωα
)()(2 1 iiiiiiiirel dddv ××+×+××= − υυξυω&

vrr +×=ω&

y
derived

)( 1111 iiiiiiiii rdraa +××+×+×+= −−−− ωωξα
reliii vrr +×= −1ω

)()(2 1 iiiiii dd ××+××− υυυω

&angular
relii ωαα &+= −1

iiirel υωξω ×+= −1&

R.Parent, CSE788 OSU
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Spatial formulation of 
l ti  tiacceleration propagation

(revolute)

drvv ×+×+= υω iiiiii drvv ×+×+= −− υω 11

iii υωω += −1

)( 1111 iiiiiiiii rdraa +××+×+×+= ωωξα
iiiii υωξαα ×++= −− 11

)()(2
)(

1

1111

iiiiii

iiiiiiiii

dd
rdraa
××+××

++++

−

−−−−

υυυω
ωωξα

But remember iii uq&&=ξ is an unknown
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First step in forward dynamicsFirst step in forward dynamics
• Use known dynamic state: qq &,

ω,v
• Compute absolute linear and angular 

velocities:
• Remember: Acceleration propagation 

equations involve unknown joint 
accelerations

But first – need to introduce notation to facilitate equation writing

Spatial Algebra

R.Parent, CSE788 OSU

Spatial Algebra



Spatial AlgebraSpatial Algebra

Spatial velocity Spatial acceleration

⎤⎡
⎥
⎦

⎤
⎢
⎣

⎡
=v

ω)
⎥
⎦

⎤
⎢
⎣

⎡
=a

α)
⎥
⎦

⎢
⎣v ⎥

⎦
⎢
⎣a
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Spatial Transform MatrixSpatial Transform Matrix
r – offset vector R– rotation

vXv ))) = ⎤⎡ R
X

0)
FFGG vXv = ⎥

⎦

⎤
⎢
⎣

⎡
−

=
RRr

X FG ~
aXa ))) = FFGG aXa =

(cross product operator)
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Spatial AlgebraSpatial Algebra
Spatial force Spatial transposeSpatial force

⎥
⎦

⎤
⎢
⎣

⎡
=

f
f
)

p p

[ ]TTb
a ′

⎥
⎤

⎢
⎡′)⎥

⎦
⎢
⎣τ

f [ ]TT ab
b

x =⎥
⎦

⎢
⎣

=′

Spatial inner productSpatial joint axis

⎤⎡ yx ))′⎥
⎦

⎤
⎢
⎣

⎡
×

=
ii

i
i du

u
s)

R.Parent, CSE788 OSU

(used in later)



ComputeSerialLinkVelocitiesComputeSerialLinkVelocities
(revolute)

0,,, 0000 ←av αω
For i = 1 to N do

R rotation matrix from frame i-1 to i

,,, 0000

R rotation matrix from frame i-1 to i

r radius vector from frame i-1 to frame i (in frame i coordinates)

1← ii Rωω

iiii uq&+←ωω

1−← ii ωω
rRvv iii ×+← − ω1

iiii uq+←ωω

d

)( iiiii duqvv ×+← &
Specific to revolute joints
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end



Spatial formulation of 
l ti  tiacceleration propagation

(revolute)Previously:

)( rdraa +××+×+×+= ωωξα
iiiii υωξαα ×++= −− 11

)()(2
)(

1

1111

iiiiii

iiiiiiiii

dd
rdraa
××+××

+××+×+×+=

−

−−−−

υυυω
ωωξα

X ))
&&

)))
Want to put in form:

iiiiii csqaXa ++= −− 11

⎥
⎤

⎢
⎡ iu

s)⎥
⎤

⎢
⎡ R

X
0)
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⎥
⎦

⎢
⎣ ×

=
ii

i du
s⎥

⎦
⎢
⎣−

=
RRr

X FG ~Where:



Spatial Coriolis forceSpatial Coriolis force
(revolute)

υωξαα ×++=

)()(2
)( 1111 iiiiiiiii

dd
rdraa

+
+××+×+×+= −−−− ωωξα

iiiii υωξαα ×++= −− 11

iiiiiii csqaXa ))
&&

))) ++= 11

)()(2 1 iiiiii dd ××+××− υυυω

⎥
⎤

⎢
⎡

= i
i

u
s)

⎤⎡

iiiiiii q−− 11

These are the terms involving 

⎥
⎦

⎢
⎣ × ii

i du

iii uq&&=ξ

⎥
⎦

⎤
⎢
⎣

⎡
××+××+××

×
←

−−−

−

)()(2)( 111

1

iiiiiiiii

ii
i ddr

c
υυυωωω

υω)
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Featherstone algorithmFeatherstone algorithm
Spatial acceleration of link ia) Spatial acceleration of link i

Spatial force exerted on link i through its inboard jointIf
)

ia

Spatial force exerted on link i through its inboard joint

Spatial force exerted on link i through its outboard joint

if
Of
)

Spatial force exerted on link i through its outboard joint

All expressed in frame i

if

All expressed in frame i

Forces expressed as acting on center of mass of link i
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Serial linkage articulated motionSerial linkage articulated motion

AAI ))) A
ii

A
i

I
i ZaIf

))))
+=

A
iI
)

Spatial articulated inertia of link I; articulated means 
entire subchain is being considered

A
iZ
)

Spatial articulated zero acceleration force of link I
(independent of joint accelerations); force exertediZ (independent of joint accelerations); force exerted 
by inboard joint on link i, if link i is not to accelerate

Develop equations by induction

R.Parent, CSE788 OSU
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Base CaseBase Case
Consider last link of linkage (link n)

Force/torque applied by inboard joint + gravity = inertia*accelerations of link

Newton-Euler equations of motion

nnn
I

n amgmf =+
)

I II ωωατ ×+
R.Parent, CSE788 OSU

nnnnnn II ωωατ ×+=



Using spatial notationUsing spatial notation
I

nfLink n

Inboard joint

nf

I
j

I
nτ

gmn

⎥
⎦

⎤
⎢
⎣

⎡
×
−

+⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡ nnn
I

I
n

I
gm

aI
Mf

ωω
α

τ 0
0

⎦⎣ ×⎦⎣⎦⎣⎦⎣ nnnnnn IaI ωωτ 0

AA ZaIf
))))

+
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Inductive caseInductive case
OO

Assume previous is true for link i; consider link i-1

I
if 1− outboard joint

O
i 1−τ

O
if 1−Link i-1

Inboard joint
gmi 1−

I
i 1−τ

i

⎥
⎦

⎤
⎢
⎣

⎡
×
−

+⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡

−−−

−

−

−

−

−−−

111

1

1

1

1

1

1

1

1

1

0
0

iii

i

i

i

i

i
O

i

O
i

I
i

I
i

I
gm

aI
Mff

ωω
α

ττ
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⎦⎣⎦⎣⎦⎣⎦⎣⎦⎣ −−−−−−− 1111111 iiiiiii ττ



Inductive caseInductive case

⎥
⎤

⎢
⎡ −

⎥
⎤

⎢
⎡
⎥
⎤

⎢
⎡

⎥
⎤

⎢
⎡

⎥
⎤

⎢
⎡ −−−−− 11111 0 iii

O
i

I
i gmMff α

⎥
⎦

⎢
⎣ ×

+⎥
⎦

⎢
⎣
⎥
⎦

⎢
⎣

=⎥
⎦

⎢
⎣

+⎥
⎦

⎢
⎣ −−−−−−− 111

1

1

1

1

1

1

1

1

1

0 iii

i

i

i

i

i
O

i

i
I

i

i

IaI
ff

ωωττ

OI )))) O
iiii

I
i fZaIf 11111 −−−−− −+=

)))))

The effect of joint I on link i-1 is equal and

I
iii

O
i fXf

))
11 −− =−

The effect of joint I on link i 1 is equal and 
opposite to its effect on link i

iiii ff 11 −−

II fXZIf
)))))

Substituting…
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I
iiiiii

I
i fXZaIf )

11111 −−−−− ++=



Inductive caseInductive case
II fXZaIf
)))))

11111 ++= iiiiiii fXZaIf 11111 −−−−− ++

Invoking induction on the definition of 
I

if
)

)(11111
A

ii
A

iiiiii
I

i ZaIXZaIf
)))))))

+++= )(11111 iiiiiiif −−−−−
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Inductive caseInductive case

)( A
i

A
i

I ZaIXZaIf
)))))))

+++= )(11111 iiiiiiiii ZaIXZaIf +++= −−−−−

Express ai in terms of ai-1 and rearrange 

iiiiiii csqaXa ))
&&

))) ++= −− 11

])([)( 1111111 ii
A

ii
A

i
A

iiiiiii
A

iiii
I

i qsIcIZXZaXIXIf &&
))))))))))

+++++= −−−−−−−

Need to eliminate from the right side of the equation iq&&
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Inductive caseInductive case
])([)( 1111111 ii

A
ii

A
i

A
iiiiiii

A
iiii

I
i qsIcIZXZaXIXIf &&

))))))))))
+++++= −−−−−−−

Magnitude of torque exerted by revolute joint actuator is Qi

df u

τ

A force f and a torque τ applied to 
link i at the inboard joint give rise 
to a spatial inboard force (resolved 
i th b d f ) f

′

τ in the body frame) of 
⎥
⎦

⎤
⎢
⎣

⎡
×−

=
iii

iI
i fd

f
f

τ
)

iiiiiiiii
iii

i

ii

iI
iii uufdduf

fd
f

du
u

fsQ ⋅=⋅×−+×⋅=⎥
⎦

⎤
⎢
⎣

⎡
×−

′

⎥
⎦

⎤
⎢
⎣

⎡
×

=′= ττ
τ

)()(
))
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Inductive caseInductive case
ii

I
iii ufsQ ⋅=′= τ
))

iiiii fQ

iiiiiii csqaXa ))
&&

))) ++= −− 11
A

ii
A

i
I

i ZaIf
))))

+=previously and

A
iiiiiii

A
i

I
i ZcsqaXIf

)))
&&

))))
+++= −− )( 11

Premultiply both sides by ′
is
)

substitute Qi for s’f , and solve 

A
i

A
i

A
iiiii

A
iii

i
I

cIZsaXIsQq )))

))))))))
&& ′

+′−′−
= −− )(11
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And substituteAnd substitute
AAA cIZsaXIsQ )))))))) +′′ )(

i
A

ii

iiiiiiiiii
i

sIs

cIZsaXIsQq )))
&& ′

+−−
= −− )(11

])([)( 1111111 ii
A

ii
A

i
A

iiiiiii
A

iiii
I

i qsIcIZXZaXIXIf &&
))))))))))

+++++= −−−−−−−

])([ 11111 iii

A
iii

A
iA

iiii
I

i aXIssIIXIf )
))))

)))
+′

′
−+=

])]([[

])([

11

11111

i
A

i
A

iiiii
A

iiii
A

iAA

iii

i
A

ii

iiii

cIZsaXIsQsIcIZXZ

sIs
f

))))))))))
))))

)))

+′−′−
+++

′

−−

−−−−−
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And form I & Z termsAnd form I & Z terms

])([
A

iii
A

iA
i

I aXIssIIXIf )
))))

)))
+

′
+=

)]([

])([

11

11111

i
A

i
A

iiiii
A

iiii
A

iAA

iii

i
A

ii

iiiii

cIZsaXIsQsI

aX
sIs

IXIf

))))))))))
)))

)))

+′−′−

+′−+= −−−−−

])]([[ 11
11

i
A

ii

iiiiiiiiiiii
i

A
i

A
iiii

sIs

cIZsaXIsQsIcIZXZ )))
)

′
+

+++ −−
−−

′ A
i

A
i IssI

))))

A
ii

A
i

I
i ZaIf

))))
+=To get into form:

1111 )( −−−− ′−+= ii

i
A

ii

iiiiA
iiii

A
i X

sIs

IssIIXII )))

)))

)]([ AAAA cIZsaXIsQsI ))))))))))
+′′
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])]([[ 11
111

i
A

ii

iiiiiiiiiiii
i

A
i

A
iiii

A
i

sIs

cIZsaXIsQsIcIZXZZ )))
)))))

′
+−−

+++= −−
−−−



Ready to put into codeReady to put into code
Using g
• Loop from inside out to compute velocities 

previously developed (repeated on next slide)
• Loop from inside out to initialize I, Z, and c 

variables
L f t id i t t I Z d• Loop from outside in to propagate I, Z and c 
updates

• Loop from inside out to compute using I Z cq&&• Loop from inside out to compute       using I, Z, cq
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ComputeSerialLinkVelocitiesComputeSerialLinkVelocities
(revolute)

0←av αω
// This is code from an earlier slide – loop inside out to compute velocities

For i = 1 to N do
0,,, 0000 ←av αω

R rotation matrix from frame i-1 to i

r radius vector from frame i-1 to frame i (in frame i coordinates)

R 1−← ii Rωω
rRvv iii ×+← − ω1

iiii uq&+←ωω
)( iiiii duqvv ×+← &

Specific to revolute joints
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end



InitSerialLinksInitSerialLinks
(revolute)

// loop from inside out to initialize Z, I, c variables
For i = 1 to N do

⎥
⎤

⎢
⎡ −

← iA
i

gm
Z
)

⎥
⎦

⎢
⎣ ×

←
iii

i I
Z

ωω

⎤⎡0 M

⎤⎡

⎥
⎦

⎤
⎢
⎣

⎡
←

0
0

i

iA
i I

M
I
)

⎥
⎦

⎤
⎢
⎣

⎡
××+××+××

×
←

−−−

−

)()(2)( 111

1

iiiiiiiii

ii
i ddr

c
υυυωωω

υω)
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SerialForwardDynamics
Call compSerialLinkVelocities
Call initSerialLinks

// new code with calls to 2 previous routines

For i = n to 2 do
][

′ A
iii

A
iAAA XIssIIXII

)
))))

))))

// loop outside in to form I and Z for each linke

1111 ][ −−−− ′
−+← ii

i
A

ii

iiiiA
iii

A
i

A
i X

sIs
IXII )))

])]([[ ii
AA

iiii
A

iAAAA cIZsQsIIZXZZ
))))))

)))))) +′− ])]([[111
i

A
ii

iiiiii
i

A
i

A
iii

A
i

A
i sIs

QcIZXZZ )))′
+++← −−−

00 ←a)
// loop inside out to compute link and joint accelerations

For i = 1 to n do
00 ←a

A
i

A
i

A
iiiii

A
iii

i I
cIZsaXIsQq )))

))))))))
&&

′
+′−′−

= −− )(11
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i
A

ii
i sIs ))′

iiiiiii sqcaXa )
&&

)))) ++= −− 11



And that’s all there is to it!

R.Parent, CSE788 OSU



relii ωωω += −1
vrvv +×+ω

1−−= iii vvr&

vrr +×=ω&
reliiii vrvv +×+= −− 11 ω

relii ωαα &+= −1

vrraa && +×+×+= ωα

reliii vrr +×= −1ω

reliiiiii vrraa +×+×+= −−− 111 ωα
relreliiiiiiii vvrraa &+×+××+×+= −−−−− 11111 )( ωωωα

&υωξω ×+&
iii uq&=υ

iii uq&&=ξ
irel υω =

iirel dv ×=υ

iiirel υωξω ×+= −1

)()(1 iiiiiiiirel dddv ××+×+××= − υυξυω&

dd
iiii υωξυ ×+= −1&iiiiiirel ddd

dt
dv

dt
d && ×+×=×= υυυ )()(

iiiiii ddd ×+=×= )( 1 υωω&

iiiiii drvv ×+×+= −− υω 11

iii υωω += −1
)()(2 1 iiiiiiiirel dddv ××+×+××= − υυξυω&

iiiiii ddd ×+× − )( 1 υωω

R.Parent, CSE788 OSU



)()(2
)( 1111 iiiiiiiii

dd
rdraa +××+×+×+= −−−− ωωξα

)()(2 1 iiiiii dd ××+××− υυυω

iiiii υωξαα ×++= −− 11

R.Parent, CSE788 OSU



⎥
⎦

⎤
⎢
⎣

⎡
=v

ω)
⎥
⎦

⎤
⎢
⎣

⎡
=a

α)
⎥
⎦

⎤
⎢
⎣

⎡
=

R
X FG ~

0)
⎥
⎦

⎢
⎣v ⎥

⎦
⎢
⎣a

⎥
⎦

⎢
⎣− RRrFG ~

⎥
⎤

⎢
⎡ f

f
)

[ ]a ′
⎤⎡⎥

⎦
⎢
⎣

=
τ

f [ ]TT ab
b
a

x =⎥
⎦

⎤
⎢
⎣

⎡
=′)

⎤⎡ u yx ))′⎥
⎦

⎤
⎢
⎣

⎡
×

=
ii

i
i du

u
s)

R.Parent, CSE788 OSU


