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Abstract

A cutlocusof apointp in a compactRiemanniarmanifold M is de ned asthe setof pointswhereminimizing
geodesicsssuedfrom p stopbeingminimizing. It is knowvn thata cut locuscontainsmostof the topologicalinfor-
mationof M . Our goalis to utilize this propertyof cut loci to decipherthe topologyof M from a point sample.
Recentlyit hasbeenshavn thatRips compleescanbe built from a pointsampleP of M systematicalljto compute
theBetti numberstherankof thehomologygroupsof M . Ripscomplexescanbe computedeasilyandthereforeare
favoredover otherssuchasrestrictedDelaunay alpha,Cech,andwitnesscomplex. However, the sizesof the Rips
complexestendto belarge. Sincethe dimensionof a cutlocusis lower thanthat of the manifoldM , a subsamplef
P approximatinghe cutlocusis usuallymuchsmallerin sizeandhenceadmitsa relatively smallerRipscomplex.

In this paperwe explore the above approacHor point datasampledrom surfacesembeddedn ary high dimen-
sionalEuclideanspace We presentinalgorithmthatcomputesa subsampld® © of asampleP of a2-manifoldwhere
P ° approximates cutlocus. Empiricalresultsshaw thatthe rst Betti numberof M canbe computedrom theRips
complexeshbuilt onthesesubsamplesThe sizesof theseRips complexesare muchsmallerthanthe onebuilt onthe
original sampleof M .
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1 Intr oduction

A considerablemountof interesthasbeengeneratedecentlyin applyinggeometricandtopologicaltechniquego
dataanalysisin high dimensionakpacegl, 7, 10, 11, 20, 24, 26, 27]. Assumingthatthedatais sampledrom alow
dimensionamanifold lying in a high dimensionalkpace the resultsin theseworks facilitate algorithmsthat “learn’
different propertiesof the manifold. We are speci cally interestedin extracting the topology (information about
homology)of the manifoldfrom its point data.

Recentlya few algorithmshave beenproposedfor the problemwhich have theoreticalguarantees|3, 5, 10,
24). Thesealgorithmsaretheoreticallysoundbut arenot practical. They dwell on datastructuressuchasDelaunay
triangulationsandalphashapeghathave impracticallyhigh computationatostin large dimensions Alternative data
structuressuchaswitnesscomplex, Cechcomple, andRips complexeshave beenproposed|[7, 25] to counterthis
problem. Rips complexescanbe computedmoreeasilythanthe othersandso becomean attractve choice[8, 18] in
applicationsTakingthis view point, ChazalandOudot[7] shav how onecanbuild ahierarchyof Ripscomplexesfrom
apointclouddataandthenusetopologicalpersistencd15, 27] to computeheBetti numbersf thesamplednanifold.
However, the sizeof a Rips comple is relatively large andthat becomesa bottleneckfor computingpersistenBetti
numberdrom them.lt is this consideratiorwhich motivatesour work.

We utilize awell known structurecalledcut locusin differentialgeometryto cut down the size of the Rips com-
plexes.Let p beary pointin am-dimensionasmoothcompactRiemanniarmanifoldM . ThecutlocusC(p) M is
the spaceof pointswherethe minimizing geodesicsssuedfrom p stopbeingminimizing. It is known thatM n C(p)
is aball andhencemostof thetopologyof M is containedn C(p). Speci cally, ranksof all homologygroups(under
Z, coefcient ring) of C(p) coincidewith thoseof M exceptfor the full dimensionabne. The cutlocusbeingone
dimensionalower objectthanM canbe approximatedy a subsamplef sizemuchsmallerthana sampleof M . As
aresulttheRipscomplexesgetmuchsmallerwhichin turnfacilitatecomputation®f persistenhomologygroups see
Tablel.

In this paperwe explore the above approachHor surfacesembeddedn an arbitrary Euclideanspace thatis, M
is a compactsmooth2-manifold sitting in R for somek > 2. We assumeM to be connectedand henceonly its
onedimensionahomologygroupis interesting. We presentan algorithmthat computesa subsamplé®® P from
asampleP of M whereP ? approximates cut locusC(p) whenP is sufciently dense.We distinguishour setup
from the framework whereM is presentedvith somelinear approximation.Cut loci in the presenceof an explicit
representatioof the surfacehave beenusedto computevarioustypesof optimal cycleson the surface,see[12, 16).
Onemayarguethata linearapproximatiorof the surfacecanbe computedrom its pointsamplerst, andthenknown
methodgfor computinga cut locuscanbe used. Sincewe areconsideringM sitting in high dimensionaembedding
spacethis optionis not very practicalthoughtheoreticallypossible.Also, our ulterior goalis to explorethe cutlocus
approactfor generaldimensionamanifold. This paperis a steptowardthatgoal.

2 Geodesicsand cut locus

We brie y review someof the key conceptgelatedto geodesicssee[14] for details. Let M Rk bea compact,
connectedsmoothmanifoldwithout boundary Assumethatthemetricin M is inducedby thescalamproduct< ; >
in R,

Geodesics A curve 1 R ! M is ageodesidf the acceleratiorrepresentinghe rateof changeof the tangent
_(t) hasno componentalongM for all t 2 1. More formally, the covariantderivative S’—t(_(t)) isOforallt 2 1.
Givenavectoru in the tangentspacelT M, atapointp 2 M, thereis a geodesic (t) parameterizethy arclengths
where (0) = pand (0) = u=jjujj. Thegeodesic is saidto beissuedirom p. Noticethattwo pointsp andqin M
mayhave multiple geodesichetweerthem. Amongthem,theonesminimizing thelength(if they exist) arecalledthe
minimizinggeodesichetweerp andqg. SinceM is compactjt is geodesicallycompletejmplying thatany two points
admita minimizing geodesic.If the minimizing geodesidetweerp;q 2 M is unique,we denoteit as pq with the
understandinghat pq(0) = p.

Distances Onecande ne the distanceof a point p to a setX M asdw (p;X) = infyox “px Where py is the
lengthof a minimizing geodesidetweenp andx in M . We usesimilar notationdg (p; X ) to denotethe Euclidean
distancebetweena point p and a subsetX of RK. Abusing the notationwe write dy (p;q) = du (p;fgg) and
de (p; ) = de (p;fqg) for ary two pointsp andq. It is known thatdg (p; @) 6 dy (p;q) wherep;q2 M RK. We



alsohave Hausdorf distanceslf andd) betweertwo setsX andY de ned as

dS (X;Y) = maxfsupde(y;X);supde(x;Y)g
y2yY x2X

d (X;Y) maxf supdy (y; X); supdw (X; Y)g:
y2yYy X2 X

Exponential map. Let p 2 M be an arbitrary point. We are interestedin the geodesicdgssuedfrom p. There
is a naturalmap called the exponentialmap which takes a vectorin the tangentspaceT M, at p and mapsit to a
point on the geodesidssuedfrom p by going over a distanceof the lengthjjujj. Formally, exp,: TMp ! M where
exp,(u) = (jjujj) sothat (0) = pand_(0) = ”%” SinceM is compactthe mapexp, is de ned for entireTM,
meaningthateachgeodesidssuedfrom p continuesto be geodesidor thein nite interval [0; 1 ]. However, sucha
geodesignay ceasdo be minimizing atsomepoint.

Cut point and locus A cutpointof ageodesic issuedrom pisthepointwhere cease$obeminimizing. Thelocus
C(p) of all cutpointson geodesicsssuedirom p is calledthecutlocusof p, seeFigurel. Thereis arelatedconcept
calledconjugatelocus This is the locusof all conjugatepointswherethe exponentialmapis critical. Formally, a
pointg = (t) isaconjugatepointof p=(0) if andonly if t_(0) is acritical pointof exp,.

At acutpointg 2 C(p) of ageodesic , only two thingsmayhappen:

(a) Eitherthereis anotheminimizinggeodesic startingfrom p sothat (t) = (t) = qforsomet 2 (0;1 ], or
(b) gisthe rst conjugatepointof palong .

In Figurel, point q satis es(a) andpoint sy satis es(b). It is obviousthat,for any pointq2 M n C(p), thegeodesic
betweerp andqwhich hasnot crossedC(p) is minimizing.

Injectivity radius and reach For anm-dimensionamanifold M , the exponentialmapallows usto mapraysfrom
thetangentspaceTM, ~ R™ to thegeodesicsn M . Denotean openEuclideanball with centerat0 = exp, L(p)
andradiusr asB (0;r). Themapexp, isinjectiveon B (0;r) if andonly if r is smallerthanor equalto the geodesic
distanceof p to C(p). This motivatesthede nition of injectivity radiusof M givenby

iM) = plznhfﬁ dv (p; C(p)):
Injectivity radiuscanbe seenastheintrinsic counterparbf awell known extrinsic measuresalledtheread,
M) = plznhfﬁ de (p;Y)

whereY is the medialaxis of M [17]. Becauseof the property(b) of the cut points,exp, on B(0;r) is not only
injective but also a diffeomorphismif r < i(M). Theimageexp,(B(0;r)) is a geodesidball of radiusr in M
centerecaroundp.

Cut locustopology. Onemay obsenre thattheinjectivity of exp, canbe extendedto the entireopensetM n C(p).
It followsthatM n C(p) is homeomorphit¢o anopenm-ball if M is a m-manifold. This indicatesthatthe topology
of M is containedmostlyin C(p). We malke this statementnore preciseusinghomologygroups.For a topological
spaceX, let H; (X) denotethej -dimensionahomologygroupde ned overthe eld Z,. Therankof H; (X) is called
thej th Bettinumberof X anddenoted ; (X). In whatfollowswewrite X1 X» for two groupsX; andX; if they are
isomorphic.Thefollowing resultsrelatetopologyof M to its cutlocus[9, 21].

Proposition2.1 LetM bea compactiRiemanniarm-manifoldwithoutboundaryandp 2 M beanypoint.
1. M nf pg deformatiorretractsto C(p) andM n C(p) deformatiorretractsto p;
2.for06 j6 m 1,H (M) H(C(p).

If the coefcient ring in the homologygroupis a eld whichis notnecessarilyZ ,, the secondassertiorremainstrue
if M is orientableandis trueonlyfor06 j 6 m 2if M is non-orientable.



3 Surfacecut locus

We considetthecasewhenM  RX is asurface(2-manifold). The cutlocusof anarbitrarysmoothsurfaceM could
be structurallyintractablein the sensethatit may not even be triangulable. Fortunately thereis a large classcalled
real-analyticsurfaceghatdo not exhibit this pathologicabehaior. Thesesurfacescanbe describedocally by areal
analyticfunction (locally agreeswith Taylor seriesexpansion). It is known that the cut locus of ary real-analytic,
compack-manifoldis triangulable[4]. Henceforthwe assuméhatM is real-analytic.

3.1 Structural properties

A cutlocusof areal-analyticsurfaceis a graph, namelyit consistsof curve segmentswhich are joined at vertices.
Myers[22, 23] shavedsomemorestructuralpropertieof cutloci. Let g bearny pointonacutlocusC(p). In general,
therecould be one or more minimizing geodesicgoining p andg. Thesegeodesicsnay be separatedr clumped
together To be preciseconsidera parameterization 7! where isthegeodesic with (0) makinganangle
with a x edreferencevectorv 2 TMy. If gis aconjugatepointto p, it is concevablethatthereis aninterval [ 1; 2]
sothatall geodesics with 2 [ 1; 2] connecp andg. A remarkableesultof Myersis that,thisis notpossiblaf M
is areal-analyticsurfaceunlessthe cut locusdegenerateso a single point. We usethis importantstructuralproperty
in our proofs. Actually, Myers[22, 23] provedmore.Let the numberof minimizing geodesicgonnecting to a point
g2 C(p) betheorderof q.

Proposition3.1 If C(p) is nota singlepoint, the order of a pointq 2 C(p) is equalto the numberof edgesin C(p)
incidentto g.

Henceforthwe assumehatC(p) is notasinglepointwhichhappen®nly for geometricspheresandcanbehandled
easily Oneimplicationof Proposition3.1is thatonly nitely mary minimizing geodesicgonnecta pointto ary point
in its cutlocus.Also, thedegreeof avertex in thecutlocusC(p) is exactly equalto its order In particular leavesthe
degreel verticeshave exactly onegeodesiccominginto it. Generally the cutlocus C(p), beinga graph,contains
cycleswith treestructuresattachedo them.We call g 2 C(p) atreepointif eitherqis aleafin C(p) or C(p) nfqg
containsa componentvhoserelative closurein C(p) is atree.Otherwiseg is calledacyclepoint.

Figurel: CutlocusonKitten: cutlocusdravn on aplanewith treepointsshadedighter(left), cutlocusembeddedn
thesurface(right).

Notice that, for a tree point g which is not a leaf, C(p) n f qg containsa componentontractibleto gin M. In
Figurel, C(p) hastwo cyclessincethe surfacehasgenusl. Thepointsq, r, Sp, S1, S2 aretreepoints. Obsene that
eventhoughq belongsto a cycle, it separates treeandhenceis a treepoint by our de nition. Theorderof g andr
is three. The point sy is a conjugatepoint andits orderis one. The two minimizing geodesicso s, arehomotopicto
eachother They separatea disk from the surfacewhich containsall minimizing geodesicso the sgmentfrom sq to
s,. However, for acycle pointthisis nottrue. We show thattwo minimizing geodesicg€ominginto acycle pointfrom
p cannotbe homotopicin M .

Proposition 3.2 Suppose 2 C(p) isacyclepoint. A minimizinggeodesic connectingp andq cannotbehomotopic
to anyotherminimizinggeodesic 6 connectingp andq.



Proof. Thetwo minimizing geodesics and meetonly at p andq sincetwo minimizing geodesicsssuedfrom
p cannotmeetin M n C(p). Therefore, and form asimplecyclein M. If and werehomotopic,this cycle
would boundanopendisk,sayD in M . If D doesnotintersectC(p), we haveaninterval[ 1; 2] where = | and
= , suchthatall minimizinggeodesic§ g, 2 [ 1; 2] connectp andg. Thiswould violate proposition3.1.
So,assumehatD \ C(p) is non-emptyWe claimthatD \ C(p) cannotcontainacycle. For if therewereacycle
in C(p) embeddedh adisk, it would contradicthefactthatM nC(p) deformatiorretractgo p andhences connected
(Propositior2.1). We areleft with theonly optionof D\ C(p) beinganon-emptytree. Thereforegis atreepointby
de nition. But, this violatesthe assumptiorthatq is a cycle point. It followsthat and arenothomotopic.

3.2 Geodesicspread

Recallthat our goal is to computethe topology of M from a cut locus C(p). Unfor-
tunately we cannotcomputean approximationof the entire cut locus C(p). Instead,we
approximatea subsebf it which still retainsthe topologicalinformationof C(p). This sub-
setcanbede ned in termsof a notion of geodesicspread which we now develop. A subset
of C(p) retainsthe essentiatopologyof C(p) if it consistsof pointswheretwo minimizing
geodesiceneetafter spreadingapartby anamountof atleasti (M ), theinjectivity radiusof
M. We formalize and prove this fact andthendesignan algorithmto approximatesucha
subset.

Spreadspd Let :[0;tp]! M and :[0;t;]! M betwo minimizing geodesicparameterizetby arclengths
whichconnecp2 M to (to) 2 C(p) and (t1) 2 C(p) respectiely. Letty 6 t;. Thedistancespd( ; ) is de ned
as

spd( 5 )= t2rr[1oa;tt>§]fdm( (t); Mo

This distancemeasuresiow far aparttwo geodesicgetwhentraveling from p to the cutlocus. In the gure above
spd( 5 )= .
Considemfunction! :C(p) ! R where! () isthemaximumof spd( ; ) overall pairsof minimizing geodesics
connectingpandq. Forary > O,wealsodeneC (p) C(p) asthesetof pointsfq2 C(p)gwhere! (q) >
We aim to approximatea supersebf C (p) for some 6 i(M). Thereasonis thatsucha subsebf C(p) contains
all informationaboutthe onedimensionahomologygroupof M . To prove this fact,we establishrst thefollowing
result.

Proposition3.3 Let ;; 2 betwominimizinggeodesiczonnectingpandg?2 C(p). If w(g) < i(M), 1 and ; are
homotopic.

Proof. Considerthe minimizinggeodesic ; connecting 1(t) and ,(t),06 t 6 t. where 1(tc) = 2(tc) = q, the
cutpointalong ; and ,. Wehave (0) = 4(t) andlet ((b) = ,(t). Considethemapf : R [0;t;]! M given
byf (s;t) = ((s). Weshaw thattherestrictionof thismapfor s 2 [0; b is smooth.

LetSo,(M) Tp(M) Tp(M) bethesmooth2-manifoldde ned by

Sp(M) = f(vy;va)jkvik = kvok = 1g:
Let ,:R Sy(M)! M M bethesmoothmapde ned by
(t; vi;v2) 71 (expy(tve); expy(tva)):

For two pointsx;y 2 M wheredy (x;y) 6 (M), let u(x;y) denotethe unit tangentvector of the minimizing
geodesidbetweenx andy atx. Now considethemap :[0;1] M M ! M restrictedto the opensetof
fx;yg M M wheredy (X;y) < i(M) and (s;x;y) = exp,(su(x;y)). Themap is alsosmooth.Therefore,
thecomposition (idr ) issmooth(idr is theidentityonR). Sincef (s;t) = ((idr  p)(s;t; _1(0); _2(0)),
oneconcludeghatf is smooth.

Considerthe continuousfunctionF : [0;1] R! M givenby F(w;t) = f (wdm ( 2(t); 2(1));t). We have
F(O;t) = 1(t) andF(1;t) = (t). Thus,F isahomotofy between ; and , proving theclaim.

CombiningProposition3.2 andProposition3.3we conclude:



Proposition 3.4 Apointq2 C(p) isatreepointif ! (q) < i(M).

Next we shaw thatary closedsetcontainingcycle pointscaptureghetopologyof C(p). Theclosureis neededo
take careof pointssuchasqin Figurel. Let Cl Y denotetherelative closureof asetY  C(p).

Proposition3.5 LetX  C(p) beanyclosedsetcontainingall cyclepointsof C(p). ThenH1(X) Hi(C(p)).

Proof. LetY X bethesetof all cycle points. SinceX is closed,ClY  X. Firstwe shawv thatH;(Cl Y)
H1(C(p)). If CI'Y = Y, thereis notreepointin theclosureof cycle points.It meansC(p) = ClY sinceotherwisethe
only possibilityis thatC(p) is disconnecteavhich contradictghefactthatM is connectedSo,assuméhatY CIY
andlety beary pointin Cl Y nY. SinceY containsall cycle points,y is atreepoint. Thetreerootedaty trivially
contractgo y. Contractingall suchtreesfor all pointsy 2 Cl'Y nY, we areleft with aset,sayY® CIY sothat

Hi(YY)  Hi(C(p))

sincecontractingtreesto pointsdoesnot alter homology We claimthatY®= CIY. If not, considerthe setY %=
YOnClY. ThesetY %is notconnectedo Cl Y andhenceC(p) is notconnectedanimpossibility. It follows that

Hi(Y®)  Hi(ClY)  Hi(C(p):

Obsenre thataddingary subsef C(p) to Cl Y doesnotaddary cycle. If it did, 1(C(p)) would belargerthan
1(Cl'Y). Thereforefor ary X Cly, 1(X) = 1(ClIY) which provesthat 1(X) = 1(C(p)), or Hi(X) is
isomorphicto Hy (C(p)).

As acorollaryof Proposition2.1, Proposition3.4,andProposition3.5we obtain:
Theorem 3.1 For anyclosedsetX wheeC (p) X C(p), 6 i(M),wehaveH;(X) Hi(C(p) Hi(M).
Proof. Thecomplemenbf X, C(p) nX , containsonly treepointsby Proposition3.4. Therefore X containsall cycle

points.Proposition®.1and3.5imply the conclusionmmediately

In our algorithmwe approximatea supersebf C (p) for some 6 i(M) to honorTheorem3.1. Thealgorithm
approximategieodesicby shortespathsin anappropriategraphG spannedy a givenpointsetP M. For apoint
g 2 P andagraphG with verticesin P, let

G
Pq

ds(p; q)

Whenthe x edsourcep is understoodor all geodesicandshortespaths,we write

= shortespathbetweerp andqin Gand

Euclideanlengthof §:

G.

- G —
q= pgand §= g

The algorithmapproximateghe distancespd( 4; s) betweerthe two geodesicemanatingrom p by computinga
distancesimilarto spd betweerthe shortespaths € and &.

If this approximatedistanceis largerthanathreshold , it selectsendverticesq ands if they areclosesuchas
the onesin Figure 2 (the two shortestpathsare approximatingthe two geodesicshavn with dottedcurves). If
is relatively small comparedo i(M ), the algorithm at leastapproximatesan appropriatesubsetX of C(p) which
satis esTheorem3.1. At the sametime the algorithmshouldnot computepointsfar away from C(p) eventhoughit
capturesall pointsof X . Obsenethatif spd( 4; s) is notsmall,thetwo geodesicgannotcomecloseunlessthey are
nearp or neara cut point. We usethis obsenationto restrictall outputpointsnearC(p). We needto de ne anopen
setcontainingC(p) to make our statemenpreciseFor > 0, let

W (p)=f (b)jt>t > Owhere (t¢) 2 C(p)g
whichis aspaceahatdeformatiorretractsto C(p) alongthe minimizing geodesic®riginatingfrom p.

Proposition3.6 Forany > Oand > Otherexistsanumber = ( ; ) > Osothatifx 2 M nW (p), theris
a -neighborhoodJ of x whete for anytwo pointsu; u® 2 U, spd( ,; o) < . Samestatementlsoholdsfor the
distanced§ ( u; uo).



p
Figure2: Geodesicaipproximatedy shortespaths.

Proof. LetC°(R; M) denotethespaceof all continuoudunctionsfromRtoM . DeneG: M nW (p)! C°(R;M)
by takingG(x) = x where x(0) = p. Sincex isnotin C(p), x iswell de ned. LetL bethelengthof . De ne
anopenset

U=f :R! Mjdu( (1); x() < for06t6 Lg:

SinceG is continuousby the continuity of geodesico ws, theinverseimageG *(U ) of theopensetU is open. It
followsthatthereisa -neighborhooaf x containedn G *(U ) asclaimed.

3.3 Geodesicand spread approximation

We approximateghe minimizing geodesic®y shortespathsfrom p in anappropriategraphbuilt onthe point datathat
samplesM . For this approximatiorto be good,we needthatP sampleM well.

Sampling condition. WesayP M is an"-sampleif eachpointx 2 M hasapointin P within geodesidistance
of ", thatis, dy (x; P) 6 ".

For a point setP M, let G (P) denotethe graphwith verticesin P and edgesthat connectary two points
p;q 2 P within Euclideandistance , thatis, dg (p;q) 6 . ConsiderasequencéP,g orgpointsetscon/ergingto M,
thatis, the sequencé”, g approache® whereP, isan",-sampleof M. For , = ( = "), de ne thesequencef
graphd G, = G~ (Py)g. For two pointsp;q 2 Py, let~" = r?q betheshortespathbetweerthemin G, . Let W (p)
beanopensetcontainingthe cutlocusC(p). We have thefollowing claim.

Proposition 3.7 Letf P,gbeasequencef",-sampleofM corvergingtoit. For , = ( pwn), letfG, = G (Pn)g
beasequencefgraphsinducedoyf P, g. For anyopensetW (p) containingthecutlocusC(p), p 2 Pn, thesequence
of pathsf ~"g betweerp anda pointq2 (M nW (p)) \ P, convergesuniformlyto theuniqueminimizinggeodesic
betweermpandqin M .

We prove the abore propositionusing a techniqueproposedby Hildebrandt, Polthier and Wardetzly [19] to
prove a similar resultfor convergenceof geodesic®n polyhedralsurfaces.First, we needresultson approximating
geodesidistancesActually, thepropositionis provedby shaving thatthe convergencen pathlengthstranslatesnto
acornvergencen actualpaths.Recallthatdg(p; g) denotethelengthof the shortespathbetweertwo verticesp andq
in agraphG.

Proposition 3.8 Letp andq betwo pointsasde nedin Proposition3.7. Thee existtworeals and , sothat

(I _n)du(p:g) 6 dg, (p;d) 6 (1+ o)dw (p;0)

whee ,; ,! Oasn! 1.



Proof. Letp = wvp;vi;:i;vk = ( bethe sequencef verticeson ~". Assuming”, sufciently small, we have
n6 (M) where (M) isthereachof M. Therefore,

de(Vi;Vi+1)6 h6 (M):
Underthis conditionwe canapply Corollary4 of [2] to claim
de (Vi;vier) > (1 O( n))dwm (VisVie1)
> (1 O(C "y))dwm (Vi;Vie1)
whichimmediatelygives
P
do, (@) > {S5ML O ™)) dw (Vi Vier) (1)
> (1 O(C "y)dw (p:a):
Ontheotherhandfor ", 6 /=4, Theorem? of [2] provides
dg, (P;Q) 6 (1+ 4",=n)du (p;0): (2)
In ourcasesince , = ( p"n), theconditionof ", 6 =4 is satis edfor sufciently small",. We get
P=
do, (p;0) 6 (1 + O( ")) dwm (p;0):
The propositionis establishedvhereboth , and areO(p ") which goesto zeroas",, goesto zero.

Proof. [Proposition3.7] We will work onpathsin M . To doso,we considerthepath " which consistsof minimizing
geodesicdetweernll pairsof consecutre verticeson ~". Assumingthat " is arclengthparameterizedye have

dv ( "(0; "t 6t 1] &)
for any t; t%in thedomainof ". We deducdrom inequalitiesl and2
jt 196 2dg, (p;q) 6 4dy (p;0) 6 4diam(M ): 4)

wherediam(M ) is thediameterof M .
Letk = 4diam(M ) andCP°([0; k]; M ) denotethe spaceof all continuousfunctionsc : [0;k]! M . Interpretary
path
c:[0;b! M; b6 k

asanelementof C°([0; k]; M ) by considerings: [0;k]! M where

_c(t) for06t6 b
= &b forb6 t6 k:

Obsenre thatthefamily f "g belongsto C°([0; k]; M) dueto the inequality4. It follows from inequality 3 that the
familyf "gisequicontinuousAlso, theinequality4 impliesthatthesequencé "gisuniformly boundedTherefore,
Arzela-Ascolitheoremfrom functionalanalysisappliesto establishthatthe setof accumulatiorpointsof f "g is not
emptyin the compact-opemopologyon C°([0; k]; M ).

Let beanaccumulatiorpointoff "g. Forapathc: [0;b]! M, b6 Kk, let (c) denotets lengthwhichis the
supremunover all partitionsof Z = fto = 06 t1 6 ::: 6 t, = bg, thatis, "(c) = sup, 2, dwm (c(ti 1);c(ti)).
We have P

de, (p;a) 6 “( ") 6 (1+ O( ")) dg, (P;0)
for small",, (applytheboundin theinequalityl1). Then,Proposition3.8impliesthat™( ") ! dy (p;q). Thelength
functional : CO([0;k]; M) ! [0;1 ]is lower semicontinuousTherefore,

()6 liminf (") = dw (p;0):
Hence is a minimizing geodesiaconnectingp andq. Sinceq lies outsidean openneighborhoof the cut locus
of p, thereis a uniquesuchgeodesidetweenp andq meaningthatthe sequencé "g corvergesto the minimum
geodesic betweerp andg. Moreover, Arzela-Ascolitheoremsaysthatthis corvergences uniform. Onecandeduce

from Proposition3.8thatdg, (p;q), thelengthof ~" approaches( ") asn! 1 . It followsthat~" corvergesto
uniformly aswell.



Corollary 3.1 Forany > 0; > 0,therexists" = "(; ) > 0sothatif P isan"-sampleandp andq are two
pointsin P with g 62W (p), theshortesipath ¢ betweerp andqin G¢ 7 (P) satisesd5( $; ¢) 6 whee |
is theminimizinggeodesiconnectingp andqin M .

The above corollary relatesshortestpathsbetweernverticesto the minimizing geodesichbetweenthem. We can
statea similar factfor all minimizing geodesicéssuedrom p.

Proposition3.9 Forany > 0; > 0,therexists" > 0sothatif P isan"-samplethenfor anyminimizinggeodesic
q issuedromp with g 62W (p) theris a shortespath © originatingfrompin G~ ) (P) wheed§ ( 4; ©) 6

Proof. Letq 2 (M nW (p)) \ P bethe closestpointto q in termsof geodesiaistance.For ary and , we
canchoose' to besmallenoughsothatdf ( 4; ) < = 2 by appealingo Proposition3.6. The claim follows since
di( q; §)6 =2canbeassumedor sufciently small”.

Now we shov how we appﬁoxmatethe spreadOncewe apprommatethe minimizing geodesicsvith the shortest

pathsin G = G (P), = "), we canapproximatethe spreadspd( 4; s) betweentwo minimizing geodesics
to g ands respectiely. For thls we considerthe shortestpaths 4 Sand &, andfor eachv 2 gwe nd the setof
verticesV $ that have nearly equaldistancefrom the root p asv. The shortestpathsfrom v to all verticesof

Sinv approximatethedistancedM ( q(t); s(t)) wherev = 4(t). We take the largestoneamongthesepathsto
approximateahelengthdy ( 4(t); s(t)). Letthelengthof this largestpathbe ™ (v). De ne

$do( g7 §) = maxt(v)g
q

whichis computedby APPROX SPD. SeeFigure3 for anillustrationof the computedspreadvalues.

APPROXSPD( & 0 S
1. AssumeG = G (P) is available; nax = 0;
2. for eachvertex v on ffdo

(a) Determinethevertex setV = fwg sothat
w 2 & anddg(p;Vv) 6 ds(p;w) 6
de(p;v) +

(b) Computehelargestiength® of theshortes
pathsfromvtow 2 V in G (P);

©) ifC > "max) max =

3. Return’ max -

Proposition3.10 Forany > Oand > Othereisan > Osothatif P isan™" sampleand = ( _) thenfor g; s 2
M nWZ (p)!APPROXSPD( qv S)returnsspde( qv S)Whelespd( C]v S) < SpdG( qv S) < Spd( Q! S)+

Proof. Letvandv®betheverticeson $and & respectielyrealizingspds( ¢; &), thatis, dg(v;v0) = spds( &; &
For corveniencewewritea2 b cifb c¢6 a6 b+ c. Noticethata2 b cimpliesb2 a c. If"is chosen
sufciently small,all verticeson g and & canbe assumedo be outsideW (p) sinceq ands areoutsideW; (p).
This meanswe canapply Corollary 3.1. D

Let v betheclosestpointon  tov. We have seendg(p;Vv) 2 du (p;v)  O( ™)dm (p;V). Sincede (v;V) 6

(Corollary3.1),we have

do(p:v) 2 d (V) O(° d (piv) + ) (5)

We alsohave dy (p;v9) 2 dg(p;Vv9) O(p M ds(p;v9. Thealgorithmensuresig(p;v®) 2 dg(p;V) from
whichwe getdy (p;v9 2 dg(p;v) O( Tdg(p;v9) + ). Combiningprevious obsenationswith the inequality5,
we get

dv (P9 2 dy (i) OC " (piv)

+ Prased+ 4+ ) (6)



Figure 3: Pairs of verticesconnectedn G areshadedaccordingto the spreadvalue computedfor the two shortest
pathsjoining the sourceto the verticesin the pairs;the darker the shadesthe largeris the spread.Notice that pairs
nearthe cutlocushave distinctly large spreadvalues.

Let vO denotethe closestpointon s tovPandletz = (t) if v = g4(t). Usingde (v%Vv®) 6  (Corollary 3.1) we
obtainfrom theinequality6

dw (pv) 2 dy (V) O du (p:v)
+ Tde(piv)+ + )
= 4y (i) o(® du (p1v)
+ "de(pV)+ + ) 7

Sincebothv®andz belongto s, theinequality7 provides
du (V) = O(° Ty (piv) + © "da(piv) + + )

from which we obtain p_ p_
du (z;v) = OC "du (piv) + "de(pv) + + )

It follows

dw (v; 2)

N

dw (V;v9)  (dy (V% 2) + dy (V;V))
= de(v;vO) O( "dwm (p;v)
+ FdG(p;VO)"F‘J + ) o
= de(v;vo) O( "dg(v;VvY) + "y (p;V)
+ Tdg(pv)+ o+ )
It followsthatthereisa 1 which goesto zeroas" doeswheredg(v;Vv® 6 dy (v;z) + 16 spd( o os)t o1
A very similar proof canshaw thattherearetwo verticesu 2 &;u®2 & with dg(p;u) 2 dg(p;u sothat
d( q; s) 6 do(u;ud) + 5. Sinceds(u;u%) 6 dg(v;v9 by the de nition of v andv®, we have spd( ¢; s) 6

ds(v;v9)+ ,where ! Oas"! O0.Forarnygiven ,onecansatisfy > maxf i1; »gbychoosing' sufciently
small. Then,we obtaintheresultasclaimed.

4 Cut locusapproximation

Thealgorithm CuTL ocus belov implementsthe following stratayy. It selectsall pair of pointsg; s 2 P which are
closeandadmitshortespaths § and ¢ respectielyin G= G (P) wherespds( ¢; §) is morethanathreshold.



CuTtLocus(p2 P;; ;)
1. ComputehegraphG= G (P); C :=

2. Computeshortestpathsfrom a pointp 2 P to
all verticesin G (P);

3. foreachq2 P fpgdo
for eachpairq;s 2 P with dg (g;s) 6 do
if APPROXSPD( §; &) >
thenC := C[ fq;sg;

4. ReturnC.

4.1 Justi cation

ProposFlJtlon4 1 For asufciently smallpositive andanypositives and ,therisan" > 0sothatif P is"-sample
"Yand > 2( + + ),thenthefollowingis true: CUTLOCUS( p2P;; ; )computes samplepoint
q2 Pforeachxz C (p)wheede (g;x)6 + + and > + + O().

Proof. Letx 2 C (p) forsome > 0. Therearetwo geodesics; and , connectingp andx wherespd( 1; 2) >
Letx; andx, betwo pointsin 1 and ; respectiely ontheboundaryof W (8) By PropositiorB.Q thereisan" > 0
sothattherearetwo shortespaths £ and $ inthegraphG (P) for = ™ whered§ ( &; «,) = O( ) forary
and .
Letv, andv, betheclosesiverticesto x; andxs respectvelyonthepaths and . We get

de (v1;X) 6 de(vi;X1) + de(X1;X) 6+ +

It followsthatde (vi;v2) 6 2( + + ). Assuming > 2( + + ),theshortespaths & and G arechecledfor
their distanceby APPROX SPD.
We have spd( v,; v,) > spd( x,; x,) O( ) sinceboth , and x, makesO( ) distancewith \‘,3 For a
sufciently small > 0, spd( x,; x,) = spd( 1; 2) > byde nition of x beingin C (p). Thus,spd( v,; v,) >
O( ). APPROX SPD( \(,31; \‘,32) returnsa valuemorethan Oo() by Proposition3.10. Theverticesv; and

v, areoutputby CutLocus if Oo() > ,orequvalentlyif > O( )+ + . Eitherofv; andv, canbe
takenasq sincebothof themsatisfythe statedpropertiesof g in thelemma.

Proposition4.2 Forany > 0, therexist" > Oand > Osothatthefolloesvmg holds. Letv bea vertex computed
by CutLocus(p2 P, , , )wheeP isan"-sampleofM and = ). Theris apointx 2 C(p) sothat
de(X;v) 6 2.

Proof. If dg (v;C(p)) 6 2 , wearedone.So,assumetherwisethatis, v lies outsidethe2 -neighborhooaf C(p)
in R, Sincev is computedy CUTLOCUS thereis anothewvertex v computedoy CuTL ocus sothatdg (v; V0 6
andtheshortespaths ¢ and § satisfyspds( &; &) > . By Proposition3.10,

Spd( Vs Vo) > SpdG( v vo)

forary aslongas"” is sufciently small. Thereforewe have spd( v; vo) >
Obsere thatwe canassumelg (V% C(p)) >  sinceotherwisev® satis esthe Iemma We wantto apply Propo-

sition3.6to  and o with = . Forthis ,let = ( ; ) satisfytheproposition.If wechoose 6 ,one
shouldhave spd( ; o) < reachingacontradiction.
Theorem4.1 For any"®> 0, therisan" > 0Oanda > 2'%sothatif P isan"-sample = ( P M,and0< <

i(M) O(9,thenP?® P returnedby CutLocus(p; ; ; )hasdf (P%X)= O("9)wheeC X C(p) for
<i(M).
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Proof. Obsenethatfor ary "> Owecansatisfy"®> + + + byassuming to besufciently small. Then,if
ischoserwhere > 2"% wehave > 2( + + ). Thereforewe canapplyPropositiord.1to claim thatfor each
pointx 2 C (p), CuTLocus(p; ; ; ) outputsapointwith distancede (x; p) = O("9) where = + + O( ).
When fallsinto thestatedrangewehave < i(M).
From Proposition4.2 we getthatif is sufciently small, all pointscomputedby CuTLocus arewithin 2 =
O("9 distanceof C(p). If " is smallenoughsucha canbechosersatisfyingall constraints Combiningall, we get
thatCuTtLocus computesasetP *whered (P% X) = O("9 andC (p) X C(p)for < i(M).

5 Computing homology

Ouralgorithmfor homologycomputationrst estimatessampledensityparametewith whichwe build agraphwhere
shortespathsarecomputed Rips complexesare constructedvith aninput parameteon the point setapproximating
acutlocus.PersistenBetti numbersarecomputecbn theseRipscomplees.

Estimating density. Obsene thatwe needan estimateof " to constructthe graphG (P) sinceweset = ( P .
We estimate" by usinga procedurethat was suggestedn [3] to build a sequencef subsample the context of
computingwitnesscomplexes[25].

Letfppg= Lo L1 i Ly = PwhereLj:; = Li[ fpi+1 gwith pj+1 beingthefurthestpointin P nL; from
Li, thatis, pi+1 = argmaxppn., de(q;Li). Dene ™ = de(pi+1;Li). Weshav that*; approximates sampling
density"; de ned asfollows. A sampleL; M isatight";-sampléf L; isan"j-sampleof M andthereisanx 2 M
for whichdy (x; L) = ".

To prove that ™y approximates'; we needProposition5.2 which in turn usesLemma3 of [2]. Let % =
max fk * (t)kg where variesoverall unit speedyeodesicin M andt 2 R.

Proposition5.1([2]) For anytwo pointsp;q2 M, if dy (p;g) 6 ro, thende (p;q) > 2ro sin(%).

Recallthatthereach (M) is the smallestdistancebetweenM andits medialaxis. Thereach (M) boundsrg
from below. Seg[13] for a proof of thisfact.

Proposition5.2 For anytwo pointsp;g2 M, if dy (p;q) 6 (M)=2, thendg (p;q) > %dM (p; ).
Proof. First,obsenrethatdy (p;q) 6 % 6 rowhichallowsusto applyPropositiorb.1. Secondsin(t) > t t3=6
fort > 0. Pluggingthisinto theboundgivenby Propositiors.1 andwriting ~ = dy (p;d), we get

2 2

de (p;q) > (1 Wg)\ > (1 24 (M)2

)
Since 6 (M )=2, we have
109 o
dE (pvq) > (1 9_6) > EdM (p!q)

Noticethatthe choiceof thefactor% is alittle arbitrary We couldhave takenthefactor% whichwould tighten
otherconstantslightly.

Proposition5.3 LetfL;g bethesequencefsubsampleasdescribedabove If L; P isatight";-sampleandP is
an"-sampleof M respectivelythenfor" < "; 6 (M)=2, onehas%("i "Y6 5 6 ".

Proof. Considerapointx 2 M sothatdy (x;Li) = "j. SinceL; is atight "j-samplesucha point exists. Let w be
theclosestpointto x in P nL;. We claimthatw is alsotheclosestpointto x in P. If not,thereis apointin L; which
is closestox in P. Then,dy (x; Lj) 6 " contradictinghat" < ";.

We havedy (w;x) 6 " sinceP isan"-sampleLet p betheclosestpointtow in L. Then,

dv (W;p) > dv (x;p) ">du(x;Li) "=" ™

11



SinceL; is an";-sampledw (w;p) 6 "i 6 -3, We canapply Propositions.2to claim de (w; p) > - dw (W; p).

Then,wehave™ > dg (w;p) > 9dM1(gV:p) . 19—0("i "): This provesthelower boundon™;.
To prove theupperbound,considerthe pair (u; p), p2 Li,u 2 P nL; whichrealizeshedistance%. SinceL; is
an"j-sampleandu 2 M nL;,™ 6 dy (u;p) 6 "i:

Now we have all ingredientso compute (M ) from adensesampleP of M . For ary compactsetX R, let
X denotets -offsetin R¥, thatis,

X =fx2RKjinfde(x;y)6 g
y2Xx
Let C denotethesetof critical pointsof the distancedunctiondg restrictedto thedomainof X. Thedistance
wfs(X) = )!rzn;c@fc de (X; ©)

is calledtheweakfeaturesizeof X [6].

Rips complexes The -Ripscomplex of a point setP R¥ is de ned asa simplicial complex R (P) wherea
simplex  with verticesin P isin R (P) if andonly if all edgesof haslengthat most2 . ChazalandOudot[7]
shaw thatthej th Betti number ; (X) = rank H; (X) canbe computedrom Ripscomplexesasfollows.

LetP X beapointsampleof X with the Hausdorf distancedf (P; X) 6 ". ThenaturalinclusionR (P) !
R* (P) alsoinducesahomomorphism atthehomologylevel

H(R (P) ! Hi(R* (P)):

Theinteger
% (P) = rank (image )

denoteghej th persistenBetti numbergivenby theinclusionof R (P) into R4 (P). PersistenBetti numberscan
be computedby the persistencalgorithm pioneeredoy EdelsbrunnerZomorodianand Letscher{15] and extended
laterby ZomorodiarandCarlssor{27]. It is shavnin [7] thatfor ary offsetX ,0< 6 wfs(X), onehas ;(X ) =
j; 4 (P)if2"6 6 %(WfS(X) "). After computingthe complexesR (P) andR* (P) onecancomputethe
persistentBetti numbersby following the persistencelgorithm [15, 27] on a ltration that addsthe simplicesof
R4 (P)nR (P)toR (P).

Algorithm . We wantto follow the sameapproacHor the cut locusthatwe approximateby CutLocus. Let X
C(p) bethe closedsetapproximateddy the point setL?  L; that CuTLocus computes.By Theorem3.1 and
Theoremd.1,Hi(X) Hy(M) if appropriatgparametevaluesarepassedo CutLocusandL; is sufciently dense.
Let

1= sup(Hi(X ) Hi(X)):

Following [11], onemaycall ; the r sthomolaical featuie sizeof X . It turnsoutthatwfs(X) is boundedabove
by 1. Thetechniqueof [7] canbeusedto shav that ; * (L)) isequalto 1(X)if 4°°6 6 (1 "0 where
o5 (L% X) 6 0.

For alargerangeof i, L; remainsa densesampleof M . Also, by Proposition5.3the estimatedsamplingdensity
* of L; follows closelyits actualdensity"; for a largerangeof i aslong as"; remainslargerthan”. Thereforeto
estimate’; properly we considerall L siteratively in thealgorithm. Theoremé.1requiresthatdg (L X ) is at most
5. If satises3 6 X( 1 "9),wehaethat4'?6 3 6 (1 "J). Theconstrainton canbesatis edif "; is

smallenough Then,taking = 3 wecancompute 3 "*? (L9 whichequals 1(X).
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ToPODATA(P; ; )
1. InitializeL = ;;
2. whileL 6 P do
(a) computep := argmaxqzp de (o, L);
L:=L[ fpg; P := P nfpg;
(b) compute~:= deg (p;L);
(c) Compyte L® :=CuTLocus(p 2
Loy o5 ™
(d) Output 3 *? (L9 by consideringthe in-
clusionR® (LY | R (LY;

The outputof TOPODATA canbe plottedagainstthe Itration of the point sampleandthe mostpersistenBetti
numberscanbe selectedasoutlinedin [7]. Since™ estimates; for alargerangeof i, the persistenBetti numbers
computedn step2(d) remainstablefor a largeinterval assuminghatthe original sampleis denseenoughfor L 9 to
remaindensefor X for alargerangeof i. Noticethatwe do not have ary relationestablishedetween ;, the rst
homologicalfeaturesize of X andthe injectivity radiusof M . It is concevablethata point samplewhich is dense
for M may not provide denseenoughsamplefor X . For this we assumehatthe original sampleis sodensethatL ?
remainsdensefor X for alargerangeof i. In particular we assumehat" is sufciently smallsothat canbechosen
sufciently smallsatisfying2'’< 6 %( 1 "9 for Theoremé.1to hold andfor computatiorof ;(X) to remain
correct.

Time complexity. Let P haven samplepoints. First, we determinghetime compleity of thealgorithmCuTL ocus.

Computatiorof thegraphG cannottake morethanO(n?) time sinceit involvescheckingpairwisedistance®f points
in P. Computatiorof the shortespathsfrom a sourcein step2 of CuTLocus takesO(n?) time. For step3 we need
to determineshortespathsbetweendifferentverticesin G . We computeall pairsshortesipathsin G andkeepthe
pairwisedistancesn a matrix form. Oncethis is computedstep3 of CuTLocus canbeimplementedn O(n?®) time.
Therefore CuTLocus runsin O(n?) time.

In TOPODATA steps2(a-b)canbeperformedn O(n?) time with astraightforvardpairwisedistancecomputations.
Step2(c) takesO(n?®) time aswe argued.Sincepersistencalgorithmtakestime cubicin its inputsize,step2(d) takes
O(k?®) time wherek is the numberof simplicesin R'? (L9. SinceC(p) is smootheverywhereexceptatits vertices,
the analysisof [7] canbe carriedout to claim thatk = O(n). It implies that the step 2(d) takes O(n?) time.
Accountingfor all iterations we obtainthat TOPODATA runsin O(n*) time.

In theorywe do not gainary advantageby computinganapproximatiorto the cutlocussincein the worstcasea
samplemayhave mostpointsconcentratedeara cutlocusthatis beingapproximatedHowever, thisis too patholog-
ical to happerin practice.In fact, for a uniform distribution, a cut locusof length™ hasroughly - pointswhereaghe
surfacewith areaA hasroughly 4 pointsimplying a reductionby afactorof 4. Our experimentsin 3D shaws that
thenumberof pointsaredrasticallyreduceddy cutlocusapproximationseeTablel.

6 Experimentsand conclusions

We implementedhe algorithmsCuTLocus and TOPODATA andranthemon an Intel Xeon 2.66GHz,4GB RAM
machine We deviatedfrom theoryslightly in theimplementationlf welet = 2 it satis estherequiredconstraints
if * is sufciently small.Insteadjn theimplementatiorwetake = *-toreducethesizesof theRipscomplexes.Also,
wetake amultipleof (seeTablel). Insteadof computing 3 12 () wecompute 2 () whichgivescorrectresult
in all caseghatwe tested.

Figure4 shavs someof theresults.We alsoprovide the time datafor differentstepsof thealgorithmsin Table1l.
We obsene thatthe point setoutputby CuTL ocus is muchsmallerthantheinput point set. As aresultthethe sizes
of the Rips complexesbecomemuchsmallerasthe Table 1 shavs. Consequentlyuilding the Rips complexesand
computingthe persistenBetti numberdrom themtake lesstime. The gainin time outweighsthe extra time required
to computeanapproximatiorto thecutlocus.In Table1 we alsoshawv thetimesfor thecasewhenL = P.
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Model #v Locus L-Rip(#e#f) L-Rip L-Perst G-Rip(# e# f) G-Rip G-Perst

Torus 9.4k 1.08 3.9k,13.3k  0.01 0.04 219.6k,1897.7k 9.63 44.85
Kitten 31.3k 12.05 13.2k,54.4k  0.07 0.18 | 940.5k,10569.9k  81.11 507.15
2-Torus 39.7k 24.33 14.1k,47.7k  0.05 0.15 873.3k,7063.5k 3297 663.77
Genus3 63.9k 81.26 19.2k,74.3k  0.08 0.24 | 1709.7k17018.2k 112.05 1496.45
Botijo 68.4k 78.46 32.5k,138.2k  0.19 0.48 | 2016.9k,22232.8k 173.80 1004.03
Mother 75.1k | 119.61 25.9k,92.3k  0.11 0.31 | 1715.5k,14437.1k  74.27 2712.46
Hip 104.2k | 492.07 103.4k,439.4k  0.74 1.62| 2202.7k17231.1k 203.88 4727.57
Pegasus 141.5k | 519.84 95.9k,443.1k  0.73 1.41| 2979.8k,28279.1k 3900.71 7728.63

H WO 00O o

Tablel: # v columndenoteghe numberof verticesfor eachpointcloud. All timesarein secondsLocuscolumnde-
notesthetime for computingthecutlocuswith parametepassedo ToPODATA shavnin  column.Thetwo numbers
in L-Rip(# e# f) columnarethe numberof edgesandfacesof the Rips complex of the subsampl@pproximatinghe
cutlocus. L-Rip andL-Perstcolumndenotethe time for computingthis Rips complex andtime for running persis-
tenceonthis Ripscomplex. G-Rip@# e # f), G-Rip andG-Persttolumnshave the samemeaningasthe previousthree
columnsbut correspondo the entirepoint cloudinsteadof the pointsapproximatinghe cutlocus.

A naturalextensionof ourwork would beto applytheapproacho datasampledrom high dimensionamanifolds.
Our algorithm appliesto thesecasesstraightforwardly sinceit only involves computingdistanceson shortestpath
graphs.However, we do not have a proof of correctnesat the moment.We requirea generalizatiorof Theorem3.1.
This needsa generalizatiorof the de nitions of treeandcycle points. Also, we would lik e to prove a strongeiversion
of Theoremd.1wherethe Hausdorf distanceboundis in termsof " insteadof " ©. This would requirestrengtheningf
Propositions3.6and3.7in termsof ".

Notice thatthe persistencalgorithmprovidesgenerator§or homologyclassesn additionto their ranks. There-
fore,onemaycomputeasetof cyclesfrom theinputpointclouddatathatrepresenabasisof the rst homologygroup
of thesampledsurface.However, thesecyclesarenotguaranteetb be optimalor closeto optimalin termsof lengths.
We planto addresshis issuein futurework.
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