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Abstract
Recovering hidden structure from complex and noisy non-linear data is one of the most fundamental
problems in machine learning and statistical inference. While such data is often high-dimensional, it is of
interest to approximate it with a low-dimensional or even one-dimensional space, since many important
aspects of data are often intrinsically low-dimensional. Furthermore, there are many scenarios where
the underlying structure is graph-like, e.g, river/road networks or various trajectories. In this paper, we
develop a framework to extract, as well as to simplify, a one-dimensional ”skeleton” from unorganized
data using the Reeb graph. Our algorithm is very simple, does not require complex optimizations and
can be easily applied to unorganized high-dimensional data such as point clouds or proximity graphs.
It can also represent arbitrary graph structures in the data. We also give theoretical results to justify
our method. We provide a number of experiments to demonstrate the effectiveness and generality of
our algorithm, including comparisons to existing methods, such as principal curves. We believe that the
simplicity and practicality of our algorithm will help to promote skeleton graphs as a data analysis tool
for a broad range of applications.

1 Introduction
Learning or inferring a hidden structure from discrete samples is a fundamental problem in data analysis,
ubiquitous in a broad range of application fields. With the rapid generation of diverse data all across science
and engineering, extracting geometric structure is often a crucial first step towards interpreting the data at
hand, as well as the underlying process of phenomenon. Recently, there has been a large amount of research
in this direction, especially in the machine learning community.
In this paper, we consider a simple but important scenario, where the hidden space has a graph-like
geometric structure, such as the branching filamentary structures formed by blood vessels. Our goal is
to extract such structures from points sampled on and around them. Graph-like geometric structures arise
naturally in many fields, both in modeling natural phenomena, and in understanding abstract procedures
and simulations. However, there has been only limited work on obtaining a general-purpose algorithm to
automatically extract skeleton graph structures [2]. In this paper, we present such an algorithm by bringing
in a topological concept called the Reeb graph to extract skeleton graphs. Our algorithm is simple, efficient
and easy to use. We demonstrate the generality and effectiveness of our algorithm via several applications
in both low and high dimensions.
Motivation. Geometric graphs are the underlying structures for modeling many natural phenomena from
river / road networks, root systems for trees, to blood vessels, and particle trajectories. For example, if we
are interested in obtaining the road network of a city, we may send out cars to explore various streets of the
city, with each car recording its position using a GPS device. The resulting data is a set of potentially noisy
points sampled from the roads in a city. Given these data, the goal is to automatically reconstruct the road
network, which is a graph embedded in a two- dimensional space. Indeed, abundant data of this type are
available at the open-streets project website [1].
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Geometric graphs also arise from many modeling processes, such as molecular simulations. They can
sometimes provide a natural platform to study a collection of time-series data, where each time-series corresponds to a trajectory in the feature space. These trajectories converge and diverge, which can be represented
by a graph. This graph in turn can then be used as a starting point for further processing (such as matching)
or inference tasks.
Generally, there are a number of scenarios where we wish to extract a one-dimensional skeleton from an
input space. The goal in this paper is to develop, as well as to demonstrate the use of, a practical and general
algorithm to extract a graph structure from input data of any dimensions.
New work. Given a set of points P sampling a hidden domain X, we present a simple and practical
algorithm to extract a skeleton graph G for X. The input points P do not have to be embedded – we only
need their distance matrix or simply a proximity graph as input to our algorithm.
Our algorithm is based on using the so-called Reeb graph to model skeleton graphs. Given a continuous
function f : X → IR, the Reeb graph tracks the connected components in the level-set f −1 (a) of f as we
vary the value a. It provides a meaningful abstraction of the scalar field f , and has been widely used in
graphics, visualization, and computer vision (see [6] for a survey). However, it has not yet been aimed as
a tool to analyze high dimensional data from unorganized input data. By bringing the concept of the Reeb
graph to machine learning applications, we can leverage the recent algorithms developed to compute and
process Reeb graphs [15, 10]. Moreover, combining the Reeb graph with the so-called Rips complex allows
us to obtain theoretical guarantees for our algorithm.
Our algorithm is simple and efficient. There is only one parameter involved, which intuitively specifies
the scale we look at the data. Our algorithm always outputs a graph G given data. Furthermore, the algorithm
also computes a map Φ : P → G, which maps each sample point to G. Hence we can decompose the input
data into sets, each corresponding to a single branch in the skeleton graph. Finally, there is a canonical way
to measure importance of features in the Reeb graph, which allows us to easily simplify the resulting graph.
We summarize our contributions as follows:
(1) We bring in Reeb graphs to the learning community for analyzing high dimensional unorganized
data sets. We developed an accompanying software to not only extract, but also process skeleton graphs
from data. Our algorithm is simple and robust, always extracting a graph from the input. Our algorithm
complements principal curve algorithms and can be used in combination with them.
(2) We provide certain theoretical guarantees for our algorithm. We also demonstrate both the effectiveness of our software and the usefulness of skeleton graphs via a sets of experiments on diverse datasets.
Experimental results show that despite being simple and general, our algorithm compares favorably to existing graph-extracting algorithms in various settings.
Related work. At a broad level, the graph-extraction problem is related to manifold learning and nonlinear dimensionality reduction which has a rich literature, see e.g [4, 25, 26, 28]. Manifold learning methods
typically assume that the hidden domain has a manifold structure. An even more general scenario is that the
hidden domain is a stratified space, which intuitively, can be thought of as a collection of manifolds (strata)
glued together. Recently, there has been several approaches to learn stratified spaces [5, 14]. However,
this general problem is hard and requires algorithms both sophisticated mathematically and computationally
intensive. In this case, we aim to learn a graph structure, which is simply a one-dimensional stratified space,
allowing for simple approaches.
The most relevant previous work related to our graph-extraction problem is a series of results on an elegant concept of principal curves, originally proposed by Hastie and Stuetzle [16, 17]. Intuitively, principal
curves are ”self-consistent” curves that pass through the middle of the data. Since its original introduction,
there has been much work on analyzing and extending the concept and algorithms as well as on numerous
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applications. See, e.g, [7, 12, 11, 20, 23, 27, 29, 30] among many others. Below we discuss the results most
relevant to the current work.
Original principal curves are simple smooth curves with no self-intersections. In [20], Kégl et al. represented principal curves as polygonal lines, and proposed a regularized version of principal curves. They
gave a practical algorithm to compute such a polygonal principal curve. This algorithm was later extended
in [19] into a principal graph algorithm to compute the skeleton graph of hand-written digits and characters.
To the best of our knowledge, this was the first algorithm to explicitly allow self-intersections in the output
principal curves. However, this principal graph algorithm could only handle 2D images. Very recently in
[23], Ozertem and Erdogmus proposed a new definition for the principal curve associated to the probability
density function. Intuitively, imagining the probability density function as a terrain, their principal curves
are the mountain ridges. A rigorous definition can be made in terms of the Hessian of the probability density.
Their approach has several nice properties, including connections to the popular mean-shift clustering algorithm. It also allows for certain bifurcations and self-intersections. However, the output of the algorithm is
only a collection of points with neither connectivity information, nor the information about which points are
junction points (graph nodes) and which points belong to the same arc in the principal graph. Furthermore,
the algorithm depends on reliable density estimation from input data, which is a challenging task for high
dimensional data.
Aanijaneya et al. [2] recently proposed perhaps the first general algorithm to approximate a hidden
metric graph from an input graph with theoretical guarantees. While the goal of [2] is to approximate a
metric graph, their algorithm can also be used to skeletonize data. The algorithm relies on inspecting the
local neighborhood of each point to first classify whether it should be a “branching point” or an “ edge
point”. Although this approach has theoretical guarantees when the sampling is nice and the parameters
are chosen correctly, it is often hard to find suitable parameters in practice, and such local decisions tend
to be less reliable when the input data are not as nice (such as a “fat” junction region). In the section on
experimental results we show that our algorithm tends to be more robust in practical applications.
Finally we note that the concept of the Reeb graph has been used in a number of applications in graphics,
visualization, and computer vision (see [6] for a survey). However, it has been typically used with mesh
structures rather than a tool for analyzing unorganized point cloud data, especially in high dimensions,
where constructing meshes is prohibitively expensive. An exception is the very recent work[21], where the
authors propose to use the Reeb for point cloud data and show applications for several data-sets still in 3D.
The advantage of our approach is that it is based on the Rips complex, which allows for a general and cleaner
Reeb graph reconstruction algorithm with theoretical justification (see [10, 15] and Theorem 3.1).

2 Reeb Graphs
We now give a very brief description of the Reeb graph; see Section VI.4 of [13] for a more formal discussion
of it. Let f : X → IR be a continuous function defined on a domain X. For each scalar value a ∈ IR, the
level set f −1 (a) = {x ∈ X | f (x) = a} may have multiple connected components. The Reeb graph of f ,
denoted by Rf (X), is obtained by continuously identifying every connected component in a level set to a
single point. In other words, Rf (X) is the image of a continuous surjective map Φ : X → R f (X) where
Φ(x) = Φ(y) if and only if x and y come from the same connected component of a level set of f .
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Φ

Intuitively, as the value a increases, connected components in the level set
f −1 (a) appear, disappear, split and merge, and the Reeb graph of f tracks
such changes. The Reeb graph is an abstract graph. Its nodes indicate
changes in the connected components in level sets, and each arc represents
the evolution of a connected component before it is merged, killed, or split.
See the right figure for an example, where we show (an embedding of) the
Reeb graph of the height function f defined on a topological torus. The
Reeb graph Rf (X) provides a simple yet meaningful abstraction of the
input domain X w.r.t function f .
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Computation in discrete setting. Assume the input domain is modeled by a simplicial complex K.
Specifically, a k-dimensional simplex σ is simply the convex combination of k + 1 independent points
{v0 , . . . , vk }, and any simplex formed by a subset of its vertices is called a face of σ. A simplical complex
K is a collection of simplices with the property that if a simplex σ is in K, then any face of it is also in K. A
piecewise-linear (PL) function f defined on K is a function with values given at vertices of K and linearly
interpolated within each simplex in K. Given a PL-function f on K, its Reeb graph R f (K) is decided by
all the 0, 1 and 2-simplices from K, which are the vertices, edges, and triangles of K. Hence from now on
we use only 2-dimensional simplicial complex.
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Given a PL function defined on a simplicial complex do- f
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main K, its Reeb graph can be computed efficiently in O(n log n)
p
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p
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expected time by a simple randomized algorithm [15], where
p
p̃
n is the size of K. In fact, the algorithm outputs the so-called
p̃
p
p
p̃
p̃
augmented Reeb graph R, which contains the image of all verp̃
p̃
p
tices in K under the surjection map Φ : K → R introduced
earlier. See figure on the right: the Reeb graph (middle) is an abstract graph with four nodes, while the
augmented Reeb graph (on the right) shows the image of all vertices (i.e, p̃ i s). From the augmented Reeb
graph R, we can easily extract junction points (graph nodes), the set of points from the input data that should
be mapped to each graph arc, as well as the connectivity between these points along the Reeb graph (e.g,
p̃1 p̃4 p̃7 form one arc between p̃1 and p̃7 ).
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3 Method
3.1 Basic algorithm
Step 1: Set up complex K. The input data we consider can be a set of points sampled from a hidden
domain or a probabilistic distribution, or it can be the distance matrix, or simply the proximity graph, among
a set of points. (So the input points do not have to be embedded.) Our goal is to compute (possibly an
embedding of) a skeleton graph from the input data. First, we construct an appropriate space approximating
the hidden domain that input points are sampled from. We use a simplicial complex K to model such a
space.
Specifically, given input sampled points P and the distance matrix of P , we first construct a proximity
graph based on either r-neighborhood or k-nearest neighbors(NN) information; that is, a point p ∈ P is
connected either to all its neighbors within r distance to p, or to its k-NNs. We add all points in P and all
edges from this proximity graph to the simplicial complex K we are building. Next, for any three vertices
p1 , p2 , p3 ∈ P , if they are pairwise connected in the proximity graph, we add the triangle 4p 1 p2 p3 to K.
Note that if the proximity graph is already given as the input, then we simply fill in a triangle whenever all
its three edges are in the proximity graph to obtain the target simplicial complex K. We remark that there is

4

Figure 1: Overview of the algorithm. The input points are light (yellow) shades beneath dark curves. (Left):
the augmented Reeb graph output by our algorithm. (Center): after iterative smoothing. (Right): final output
after repairing missing links (e.g top box) and simplification (lower box).
only one parameter involved in the basic algorithm, which is the parameter r (if we use r-neighborhood) or
k (if we use k-NN) to specify the scale with which we look at the input data.
Motivation behind this construction. If the proximity graph is built based on r-neighborhood, then the
above construction is simply that of the so-called Vietoris-Rips complex, which has been widely used in
manifold reconstruction (especially surface reconstruction) community to recover the hidden domain from
its point samples. Intuitively, imagine that we grow a ball of radius r around each sample point. The union
of these balls roughly captures the hidden domain at scale r. On the other hand, the topological structure of
the union of these balls is captured by the so-called Čech complex, which mathematically is the nerve of this
union of balls. Hence the Čech complex captures the topology of the hidden domain when the sampling is
reasonable (see e.g., [8, 22]). However, Čech complex is hard to compute, and the Vietoris-Rips complex
is a practical approximation of the Čech complex that is much easier to construct. Furthermore, it has been
shown that the Reeb graph of a hidden manifold can be approximated with theoretical guarantees from the
Rips complex [10].
Step 2: Reeb graph computation. Now we have a simplicial complex K that approximate
the hidden domain. In order to extract the skeleton graph using the Reeb graph, we need to
v
define a function g on K that respects its shape. It is also desirable that this function is intrinsic,
given that input points may not be embedded. To this end, we construct the function g as the
geodesic distance in K to a certain base point b ∈ K. We compute the base point by taking an b
arbitrary point v ∈ K and choosing b as the point furtherest away from v. Intuitively, this base
point is an extreme point. If the underlying domain indeed has a branching filamentary structure, then the
geodesic distance to b tends to progress along each filament, and branch out at junction points. See the right
figure for an example, where the thin curves are level sets of the geodesic distance function to the base point
b. Since the Reeb graph tracks the evolution of the connected components in the level sets, a branching
(splitting in the level set) will happen when the level set passes through point v.
In our algorithm, the geodesic distance function g to b in K is approximated by the shortest distance in
the proximity graph (i.e, the set of edges in K) to b. We then perform the algorithm from [15] to compute
the Reeb graph of K with respect to g, and denote the resulting Reeb graph as R. Recall that this algorithm
in fact outputs the augmented Reeb graph R. Hence we not only obtain a graph structure, but also the set of
input points (together with their connectivity) that are mapped to every graph arc in this graph structure.
Time complexity. The time complexity of the basic algorithm is the summation of time to compute (A)
the proximity graph, (B) the complex K from the proximity graph, (C) the geodesic distance and (D) the
Reeb graph. (A) is O(n2 ) for high dimensional data (and can be made near-linear for data in very low
dimensions) where n is the number of input points. (B) is O(k 3 n) if each point takes k neighbors. (C) and
(D) takes time O(m log n) = O(k 3 n log n) where m is the size of K. Hence overall, the time complexity is
5

O(n2 + k 3 n log n). For high dimensional data sets, this is dominated by the computation of the proximity
graph O(n2 ).
Theoretical guarantees. Given a domain X and a function f : X → IR defined on it, the topology (i.e,
the number of independent loops) of the Reeb graph R f (X) may not reflect that of the given domain X.
However, in our case, we have the following result which offers a partial theoretical guarantee for the basic
algorithm. Intuitively, the theorem states that if the hidden space is a graph G, and if our simplicial complex
K approximates G both in terms of topology (as captured by homotopy equivalent) and metric (as captured
by the ε-approximation), then the Reeb graph captures all loops in G. Below, d Y (·, ·) denotes the geodesic
distance in domain Y .
Theorem 3.1 Suppose K is homotopy equivalent to a graph G, and h : K → G is the corresponding
homotopy. Assume that the metric is ε-approximated under h; that is, |d K (x, y) − dG (h(x), h(y))| ≤ ε
for any x, y ∈ K, Let R be the Reeb graph of K w.r.t the geodesic distance function to an arbitrary base
point b ∈ K. If ε < l/4, where l is the length of the shortest arc in G, we have that there is a one-to-one
correspondence between loops in R and loops in G.
The proof can be found in Appendix A. It relies on results and observations from [10]. The above result
can be made even stronger: (i) There is not only a one-to-one correspondence between loops in R and in G,
the ranges of each pair of corresponding loops are also close. Here, the range of a loop γ w.r.t. a function
f is the interval [minx∈γ f (x), maxx∈γ f (x)]. (ii) The condition on ε < l/4 can be relaxed. Furthermore,
even when ε does not satisfy this condition, the reconstructed Reeb graph R can still preserve all loops in G
whose range is larger than 2ε.

3.2 Embedding and Visualization
The Reeb graph is an abstract graph. To visualize the skeleton graph, we need to embed it in a reasonable
way that reflects the geometry of hidden domain. To this end, if points are not already embedded in 2D or
3D, we project the input points P to IR3 using any standard dimensionality reduction algorithm. We then
connect projected points based on their connectivity given in the augmented Reeb graph R. Each arc of the
Reeb graph is now embedded as a polygonal curve. To further improve the quality of this curve, we fix
its endpoints, and iteratively smooth it by repeatedly assigning a point’s position to be the average of its
neighbors’ positions. See Figure 1 for an example.

3.3 Further Post-processing
In practice, data can be noisy, and there may be spurious branches or loops in the Reeb graph R constructed
no matter how we choose parameter r or k to decide the scale. Following [3], there is a natural way to define
“features” in a Reeb graph and measure their “importance”. Specifically, given a function f : X → IR,
imagine we plot its Reeb graph Rf (X) such that the height of each point z ∈ R f (X) is the function value
of all those points in X mapped to z. Now we sweep the Reeb graph bottom-up in increasing order of the
function values. As we sweep through a point z, we inspect what happens to the part of Reeb graph that we
already swept, denoted by Rzf := {w ∈ Rf (X) | f (w) ≤ f (z)}. When we sweep past a down-fork saddle
s, there are two possibilities:

6

(i). The two branches merged by s belong to different connected components, say C 1
and C2 , in Rsf . In such case, we have a branch-feature, where two disjoint lower-branches
in Rsf will be merged at s. The importance of this feature is the smaller height of the
lower-branches being merged. Intuitively, this is the amount we have to perturb function
f in order to remove this branch-feature. See the right figure, where the height h of C 2 is
the importance of this branch-feature.

s

C1

C2

h

s

(ii). The two branches merged by s are already connected below s in R sf . In such case,
γ
when s connects them again, we create a family of new loops. This is called a loop-feature. Its
size is measured as smallest height of any loop formed by s in R sf , where the height of a loop γ
is defined as maxz∈γ f (z) − minz∈γ f (z). See the right figure, where the dashed loop γ is the
thinnest loop created by s.
Now if we sweep Rf (X) top-down, we will also obtain branch-features and loop-features captured by
up-fork saddles in a symmetric manner. It turns out that these features (and their sizes) correspond to the
so-called extended persistence of the Reeb graph R f (X) with respect to function f [13]. The size of each
feature is called its persistence, as it indicates how persistent this feature is as we perturb the function f .
These features and their persistence can be computed in O(n log 2 n) time, where n is the number of nodes
and arcs in the Reeb graph [3]. We can now simplify the Reeb graph by merging features whose persistence
value is smaller than a given threshold. This simplification step not only removes noise, but can also be used
as a way to look at features at larger scales.
Finally, there may also be missing data causing missing links in the constructed skeleton graph. Hence in
post-processing the user can also choose to first fill some missing links before the simplification step. This is
achieved by connecting pairs of degree-1 nodes (x, y) in the Reeb graph whose distances d(x, y) is smaller
than certain distance threshold. Here d(x, y) is the input distance between x and y (if the input points are
embedded, or the distance matrix is given), not the distance in the simplicial complex K constructed by our
algorithm. Connecting x and y may either connect two disjoint component in the Reeb graph, thus creating
new branch-features; or form new loop-features. See Figure 1. We do not check the size of the new features
created when connecting pairs of vertices. Small newly-created features will be removed in the subsequent
simplification step.

4 Experimental Results
In this section we first provide comparisons of our algorithm to three existing methods. We then present
three sets of experiments to demonstrate the effectiveness of our software and show potential applications
of skeleton graph extraction for data analysis.
Experimental Comparisons. We compare our approach with three existing comparable algorithms: (1)
the principal graph algorithm (PGA) [19]; (2) the local-density principal curve algorithm (LDPC) [23]; and
(3) the metric-graph reconstruction algorithm (MGR) [2]. Note that PGA only works for 2D images. LDPC
only outputs point cloud at the center of the input data with no connectivity information.
In the figure on the right, we show the skeleton
graph of the image of a hand-written Chinese character. Our result is shown in (a). PGA [19], is shown
in (b), while the output of (the KDE version of) LDPC
[23] is shown in (c). We see that the algorithm from [19],
specifically designed for these 2-D applications provides the best output. However, the results of our al(a) Our output (b) PGA [19] (c) LDPC [23]
gorithm, which is completely generic, are comparable.
On the other hand, the output of LDPC is a point cloud (rather than a graph). In this example, many points
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do not belong to the 1D structure1 . We do not show the results from MGR [2] as we were not able to produce
a satisfactory result for this data using MGR even after tuning the parameters. However, note that the goal
of their algorithm is to approximate a graph metric, which is different from extracting a skeleton graph.
For the second set of comparisons
we build a skeleton graph out of an input metric graph. Note that PGA and
LDPC cannot handle such graph-type
input, and the only comparable algorithm is MGR [2]. We use the imageweb data previously used in [2]. Figure
(a) Our output
(b) MGR [2]
(c) MGR on nautilus
(a) on the right is our output and (b) is
the output by MGR [2]. The input image web graph is shown in light (gray) color in the background. Finally to provide an additional comparison we apply MGR to image edge detection: (c) on the left shows the
reconstructed edges for the nautilus image used earlier in Figure 1. To be fair, MGR does not provide an
embedding, so we should focus on comparing graph structure. Still, MGR collapses the center of nautilus
into a single point, while out algorithm is able to recover the structure more accurately. Tuning the parameter
of MGR to recover the center then leads to large number of disjoint points identified as branching points in
their output.

(a)

(b)

(d)

(e)

(c)

Figure 2: (a) & (b): Edge detection in images. (c) & (d): Sharp feature curves detection.
We now proceed with three examples of our algorithms applied to different datasets.
Example 1: Image edge detection and surface feature curve reconstruction. In edge detection from
images, it is often easy to identify (disconnected) points potentially lying on an edge. We can then use our
Reeb-Graph algorithm to connect them into curves. See Figure 1 and 2 (a), (b) for some examples. The
yellow (light) shades are input potential edge-points computed by a standard edge-detection algorithm based
on Roberts edge filter. Original images where we detect edges are given in Figure 3. In Figure 2 (c) and (d),
1

Larger σ for kernel density estimation fixes that problem but causes important features to disappear.
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we are given a set of points sampled from a hidden surface model (gray points), and the goal is to extract
(sharp) feature curves from it automatically. We first identify points lying around sharp features lines using a
local differential operator (yellow points) and apply our algorithm to connect them into feature lines/graphs
(dark curves). In Figure 2 (e), we show the road-network reconstructed by using a set of GPS traces (taken
as a set of points) modeling roads in central Moscow [2].

(a)

(b)

(c)

Figure 3: Images used for edge-detection applications in this paper.

Example 2: Speech data. The input speech data contains utterances of single digits by different speakers.
Each utterance is sampled every 10msec with a moving frame. Each sample is represented by the first 13
coefficients resulting from running the standard Perceptual Linear Prediction (PLP) algorithm on the wave
file. Given this setup, each utterance of a digit is a trajectory in this 13D feature space.
1

1

0.8

0.8

0.6

0.6

In the left panel, we show the trajectory of an utterance of
digit ‘1’ projected to IR3 . The right panel shows the graph reconstructed by our algorithm by treating the input simply as a
set of points (i.e, removing the time sequence information). No
post-processing is performed. Note the main portion of the utterance (the large loop) is well-reconstructed. The cluster of points
in the right side corresponds to sampling of silence at the beginning and end of the utterance. This indicates that our algorithm can potentially be used to automatically reconstruct trajectories when the time
information is lost.
Next, we combine three utterances of the digit ‘1’ and construct the graph from the resulting point cloud shown in the left
panel. Each color represents the point cloud coming from one
utterance of ‘1’. As shown in the right panel, the graph reconstructed by our algorithm automatically aligns these three utterances (curves) in the feature space: well-aligned subcurves are
merged into single pieces along the graph skeleton, while divergent portions will appear as branches and
loops in the graph (see the loops on the left-side of this picture). We expect that our methods can be used
to produce a summary representation for multiple similar trajectories (low and high-dimensional curves),
to both align trajectories with no time information and to discover convergent and divergent portions of the
trajectories.
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Example 3: Molecular simulation. The input is a molecular simulation data using the replica-exchange
molecular dynamics method [24]. It contains 250K protein conformations, generated by 20 simulation runs,
each of which produces a trajectory in the protein conformational space.
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The figure on the right shows a 3D-projection of the
Reeb graph constructed by our algorithm. Interestingly, filaments structures can be seen at the beginning of the simulation, which indicates the 20 trajectories at high energy level.
As the simulation proceeds, these different simulation runs
converge and about 40% of the data points are concentrated
in the oval on the right of the figure, which correspond to
low-energy conformations. Ideally, simulations at low energy should provide a good sampling in the protein
conformational space around the native structure of this protein. However, it turns out that there are several
large loops in the Reeb graph close to the native structure (the conformation with lowest energy). Such loop
features could be of interest for further investigation.
Combining with principal curve algorithms. Finally, our algorithm can be used in combination with
principal curve algorithms. In particular, one way is to use our algorithm to first decompose the input data
into different arcs of a graph structure, and then use a principal curve algorithm to compute an embedding
of this arc in the center of points contributing to it. An example is shown in Figure 4 (a), where we apply
the polyline principal curve algorithm from [20] to each branch output by our algorithm. We remark that
we simply put these two algorithms together in a straightforward way, the result may not be ideal yet. For
example, since we do not have control on the endpoints of each branch when applying the principal curve
algorithm from [20], the endpoints of graph arcs may no longer meet. It will be an interesting future direction
to see how to best combine our algorithm with a principal curve algorithm.

(a)

(b)

Figure 4: (a) Using our algorithm to seed the principal curve algorithm in [20]. (b) Using LDPC algorithm
[23] to seed our algorithm.
Alternatively, we can first use the LDPC algorithm [23] to move points to the center of the data, and then
perform our algorithm to connect them into a graph structure. An example is shown in Figure 4 (b), where
we apply our algorithm to the output of LDPC (using σ = 2 in KDE density estimation). Developing better
algorithms to integrate our method with principal curve (graph) algorithms is one of the directions we will
explore in the future.
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A

Proof for Theorem 3.1

We assume that the readers are familiar with homology groups and homotopy, which are basic algebraic
topology concepts and can be found in any standard textbook such as [18]. We consider the homology
group under Z2 coefficients. In this case, Hp (X), the p-th homology group of any domain X, is free
abelian.
In what follows, we abuse the notation slightly and use K and G to denote the underlying space of the
simplicial complex K and the graph G. Let g : K → IR denote the geodesic distance function to the chosen
base point b ∈ K. Let g̃ : G → IR denote the geodesic distance function in G to the base point h(b) ∈ G.
Recall that R is the Reeb graph of K with respect to the geodesic distance g. Given a cycle γ, its range w.r.t
a function f is simply the interval range(γ) = [min x∈γ f (x), maxx∈γ f (x)]. The following observation is
straightforward. It follows from the fact that for any arc in a loop in G, the difference in g̃ values at the
mid-point of this arc and one of its end-point is l/2.
Observation A.1 If the minimal arc length in the graph G is l, then the range of any loop γ in G with
respect to g̃ is at least l/2.
Thinnest base cycles.
Following [9], now given a 1-cycle ` from K, let [`] denote the homology class
of H1 (K) generated by `. The height of ` is the length of range(`), that is, height(`) = max x∈` g(x) −
minx∈` g(x). The height of a homology class α is defined as the minimal height of any cycle in this class;
that is, height(`) = min[`]=α height(`). In other words, the height of a homology class is the length
of a shortest interval that can contain a representative cycle from this class. We say that a set of cycles
L = {`1 , . . . , `m } generate the first homology H1 (K) if (i) {[`1 ], [`2 ], . . . , [`m ]} generates H1 (K), and (ii)
m = rank(H1 (K)). In other words, {[`1 ], [`2 ], . . . , [`m ]} form a basis for H1 (K). L is also called a set
of base cycles for H1 (K). Given two sets of base cycles L1 and L2 , we say that L1 is thinner than L2 ,
if the sequence of heights of cycles from L 1 (sorted in non-decreasing order) is lexicographically smaller
than the sorted sequence of heights of cycles from L 2 . We now consider a thinnest set of base cycles
Π = {γ1 , . . . , γr } which is thinner than any other set of generating cycles for H 1 (K).
It has been shown in [10] that the number of independent loops β 1 (R) in the Reeb graph R is the same
as the number of cycles from Π whose range is strictly larger than 0, called vertical cycles. (Intuitively, those
with range equal to 0 correspond to the so-called horizontal cycles in K, and which will be killed under the
surjective map Φ : K → R as each contour will be mapped to a single point. See [10] for formal definitions
of vertical / horizontal cycles and homology classes.) In particular, the surjection Φ will map vertical cycles
from Π to a set of base cycles of R.
Now note that the homotopy equivalence h : K → G induces an isomorphism h ∗ : H1 (K) → H1 (G).
Next, to relate H1 (R) to H1 (G), we will show that all loops in the thinnest set of base cycles Π has non-zero
height. Using Theorem 3.3 from [10], it then follows that H1 (R) is isomorphic to H1 (K), which in turn
implies that H1 (R) is isomorphic to H1 (G).
Specifically, take any cycle γ = γi ∈ Π, and consider its image γ̃ = h(γ) in G, which is necessarily
a non-trivial cycle in G as h is a homotopy equivalence. We now claim that the height of γ̃ is at most
height(γ) + 2ε.
To see this, let x, y ∈ γ be the two points in γ that is closest and farthest aways from the base point
b, respectively. In other words, height(γ) = g(y) − g(x). Now consider γ̃, and let p̃ and q̃ be the two
points in γ̃ that are closest and furtherest away from the base point h(b) in G, respectively. Obviously,
height(γ̃) = g̃(q̃) − g̃(p̃). Let p (resp. q) be an arbitrary pre-image of p̃ (resp. q̃) in γ under the map Φ. We
have that g(p) ≥ g(x) and g(q) ≤ g(y). On the other hand, due to the metric approximation assumption, we
have that g̃(p̃) ≥ g(p)−ε, implying that g̃(p̃) ≥ g(x)−ε. A symmetric argument shows that g̃(q̃) ≤ g(y)+ε.
Putting everything together, we have that height(γ̃) ≤ g̃(q̃) − g̃(p̃) ≤ g(y) − g(x) + 2ε = height(γ) + 2ε.
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On the other hand, since γ̃ has range at least l/4 > 2ε, this means that range(γ) > 0. Hence every cycle
in a thinnest base cycles Π has non-zero height. As such, H 1 (R) and H1 (K) are isomorphic. Since there
is a homotopy between K and G, we thus have that H 1 (R) is isomorphic to H1 (G), and β1 (R) = β1 (G).
Since both R and G are graphs, there is a one-to-one correspondence between cycles in R and in G. This
proves the theorem.

A.1 Stronger Results
In this section, we show that not only there is a one-to-one correspondence between cycles in R and in G (i.e,
H1 (R) and H1 (G) are isomorphic), but the ranges of a pair of corresponding cycles must also be 2ε-close.
Here, two intervals [a, b] and [c, d] are δ-close (or δ-Hausdorff close) if [a + δ, b − δ] ⊆ [c, d] ⊆ [a − δ, b + δ].
Indeed, it is already known [10] that the set of cycles in Φ(Π) = {Φ(γ 1 ), . . . , Φ(γm )} also form a
thinnest set of base cycles for H1 (R), and height(Φ(γi )) = height(γi ) for a thinnest cycle γi . We now
show that we can map Π to a set of base cycles Ξ = {` 1 , . . . , `m } of G such that the range of γi is 2ε-close
to that of its mapped partner cycle ` i . This would then imply that the range of Φ(γ i ) is 2ε-close to that of `i .
γi

h(γi )

`i

π̂
p2
p1
ω

p̃

q2

q1
x

q̃
x̃

π

Figure 5: Note that since γi is a simple cycle, each point in those “spikes” in h(γi ) has even number of pre-images.
In this example, p = p2 is the higher of p1 and p2 , while the lower of q1 and q2 is q = q1 .

Specifically, set `i to be the cycle in G carried by the image h(γ i ) under Z2 coefficients. Since G
is a graph, `i ⊆ h(γi ). See Figure 5. By previous argument, we have already shown that range(` i ) ⊆
range(h(γi )) ⊆ [bi − ε, ti + ε], where [bi , ti ] is the range of cycle γi . What remains is to show that range(` i )
is also lower-bounded by the range of γ i . For simplicity, fix an index i and denote γ = γ i and ` = `i .
Assume that the range of γ is range(γ) = [b, t], while that for ` is [ b̃, t̃]. Our goal is now to show that
b̃ ≤ b + 2ε. The proof for t̃ ≥ t − 2ε is symmetric.
In what follows, we say that we use the height of a point p ∈ K (resp. p̃ ∈ G) to refer to g(p) (resp.
g̃(p̃), and say that point p is higher than point q ∈ K (resp. p̃ is higher than q̃ ∈ G) if g(p) ≥ g(q) (resp.
g̃(p) ≥ g̃(q)). Note that by the ε-approximation of metric, for any point p and its image p̃ = h(p), we have
that g(p) − ε ≤ g̃(p̃) ≤ g(p) + ε.
Lower-bound for range(`). Let x and y be the two points that have smallest and largest g function values
in γ, respectively. Consider the image x̃ = h(x) of x. If x̃ is in `, then we have that b̃ ≥ g(x) − ε = b − ε.
If x̃ is not in `, then we walk along γ starting from x in both directions, till we meet the first point p 1 and p2
(on two sides of x) whose image p̃ := h(p 1 ) = h(p2 ) is in `. The existence of p1 and p2 follow from the
fact that the map h is continuous. See Figure 5 for an illustration. Let p denote the higher point of p 1 and
p2 . If g(p) ≤ g(x) + ε, then we have b̃ ≤ g̃(p̃) ≤ g(p) + ε ≤ g(x) + 2ε = b + 2ε, and we are done.
So we now assume that g(p) > g(x) + ε. Now imagine that we walk from p 1 and p2 towards x along
the sub-paths γ(p1 , x) and γ(p2 , x) of γ. Note that these two sub-paths are disjoint. We stop the first time
we reach q1 ∈ γ(p1 , x) and q2 ∈ γ(p2 , x) such that min{g(q1 ), g(q2 )} = g(p) − ε/2, and h(q1 ) = h(q2 ).
Set q̃ = h(q1 ) = h(q2 ). Since g(x) < g(p) − ε, such q1 and q2 must exist.
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Let q denote the lower point of q1 and q2 . By construction, g(q) = g(p) − ε/2. See Figure 5 (d). By
the ε-approximation of metric assumption, it then follows that d K (q1 , q2 ) ≤ dG (h(q1 ), h(q2 )) + ε = ε. Let
π ⊆ γ denote the piece of γ that connects q 1 and q2 and contains x. Let π̂ be the closure of the complement
of π in γ; that is, π ∪ π̂ = γ and π and π̂ are disjoint in the interior. Let ω denote the geodesic between q 1
and q2 . Since the length of the curve ω is at most ε, the height of the lowest point in ω is at least g(q) − ε/2,
while the height of the highest point in ω is at most g(q) + ε/2 = g(p) ≤ t, where t is the height of the
highest point in γ. We then have the following claim.
Claim A.2 g(q) − g(x) ≤ ε/2.
Proof: Assume the claim is wrong and that g(q) − g(x) > ε/2. Since the lowest point in ω is at least
g(q) − ε/2, this means that x is lower than the lowest point in ω. Now consider the two loops C 1 = π ◦ ω
and C2 = π̂ ◦ ω. Since the highest point in ω is lower than t, the range of C 1 is strictly contained in
range(γ). Since g(x) is lower than the lowest point in ω, the range of C 2 is also a strict subset of range(γ).
At the same time, note that as C1 + C2 = γ, at least one of C1 and C2 , say C1 , is necessarily independent
to all other loops in Π \ {γ}. Hence we can replace γ in Π with C 1 and obtain another set of base cycles
Π0 = Π ∪ {C1 } \ {γ}. However, Π0 is strictly thinner than Π, which contradicts the fact that Π is the thinnest
set of base cycles. Hence our assumption is wrong and g(q) − g(x) ≤ ε/2.
It then follows that
g̃(p̃) ≤ g(p) + ε = g(q) + ε/2 + ε ≤ g(x) + 2ε,
and thus b̃ ≤ g̃(p̃) ≤ g(x) + 2ε. A symmetric argument can show that t̃ ≥ g(y) − 2ε. Putting everything
together, we have that [b + 2ε, t − 2ε] ⊆ range(`) = [ b̃, t̃] ⊆ [b − ε, t + ε]. In other words, range(γ) and
range(`) are 2ε-close. This holds for any pair of loops γ i and `i from two sets of base cycles for R and for
G, respectively.
Remark Finally, we remark that we can further improve Theorem 3.1 in the following way: Consider
a thinnest set of base cycles Π = {`1 , . . . , `s } of G. It turns out that there exists a set of base cycles
C = {ω1 , . . . , ωr } of R such that there is an injective map µ : C → Π. In particular, the ranges of any cycle
ωi ∈ C and µ(ωi ) are 2ε-close; and every cycle `i ∈ Π with range larger than 2ε has a preimage. In some
sense, it says that when the conditions on ε is not satisfied, the Reeb graph R still preserves all cycles in G
with range larger than 2ε.
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