1 3

[15] Levoy, M., ^A Hybrid Ray Tracer for Rendering Polygon and Volume Data~,  IEEE Compu t -

                    er Graphics & Application s , 10, 3 (March 1990), 33-40 .

[16] Newman, W. M. and Sproull, R. F.,  Principles of Interactive Computer Graphic s , (2nd ed.)

                    McGraw-Hill, New York, 1979 .

[17] Pavlidis, T.,  Algorithms for Graphics and Image Processin g , Computer Science Press, Roc k -

                    ville, MD, 1982 .

[18] Rosenfeld, A., ^Digital Geometry~, in Picture Languages, Academic Press, New York, 1979 .

[19] Van Wyk, C. J., ^Clipping to the Boundary of a Circular-Arc Polygon~,  Computer Vision,

                    Graphics, and Image Processing ,  25, (1984), 383-392 .

[20] Yagel, R., Cohen, D. and Kaufman, A., ^Discrete Ray Tracing~,  IEEE Computer Graphics

                    & Application s , 12, 5 (September 1992), 19-28 .

1 2

5.  Reference s

[6] Cohen, D. and Kaufman, A., ^Scan-Conversion Algorithms for Linear and Quadratic O b -

                    jects~, in  Volume Visualizatio n , A. Kaufman, (ed.), IEEE Computer Society Press, Los Ala m -

                    itos, CA, 1990, 280-301 .

[7] D. Cohenś Thesis .

[8] Foley, J. D., van Dam, A., Feiner, S. K. and Hughes, J. F., C omputer Graphics Principles and

                    Practic e , Addison-Wesley, Reading, MA, 1990 .

[9] Greene, N., ^Voxel Space Automata: Modeling with Stochastic Growth Processes in Voxel

                    Space~,  Computer Graphics ,  23, 3 (July 1989), 175-184 .

[10] Hersch, R. D., ^Descriptive Contour Fill of Partly Degenerated Shapes~,  IEEE Computer

                    Graphics & Applications ,  6, 7 (July 1986), 61-70 .

[11] Kaufman, A. and Shimony, E., ^3D Scan-Conversion Algorithms for Voxel-Based Grap h -

                    ics~,  Proceedings of the 1986 Workshop on Interactive 3D Graphic s , Chapel Hill, NC, O c -

                    tober 1986, 45-75 .

[12] Kaufman, A., ^An Algorithm for 3D Scan-Conversion of Polygons~,  Proceedings of EUR O -

                    GRAPHICS´87 Conferenc e , Amsterdam, The Netherlands, August 1987, 197-208 .

[13] Kaufman, A., ^Efficient Algorithms for 3D Scan- Converting Polygons~,  Computers &

                    Graphic s , 12, 2 (1988), 213-219 .

[14] Kong, T. Y. and Rosenfeld, A., ^Digital Topology: Introduction and Survey~,  Computer V i -

                    sion, Graphics and Image Processin g , 48, 3 (December 1989), 357-393 .

P R
                                                                                                  Q

S
                                                                                                            L

W ’

V ’

V

W

X

Y

X ’

Y ’

C
p

                                                                   Figure 12.  Proof of the 3D case for 6-separability and 6-minimality .

But   so  .In this case voxel P would have been included in the repr e -

sentation of the plane. Contradiction. So our initial assumption that there exists such a voxel P and

that the plane has a 26-hole is false. So the plane is 26-separating .

Minimality :

Let us prove that this plane is minimal. Let us assume that their is a voxel in the representation of

the plane that can be removed without introducing a 26-hole. For this voxel condition

must hold so the distance from the center of the voxel to the plane is  . That

means that there are at least two vertices of this voxel such that they are on opposite sides of the

plane. But in this case removing this voxel from the representation of the plane will introduce a

26-hole. So our representation of the plane is 26-minimal .

Let us now use the value of   in place of   in equation (3) .

Teorem 4 .

The set of voxel s  gives 6-separating, 6-minimal

plane .

Proof :

Separability :

Let us use the proof by contradiction.For our plane to have a 6-hole there must be a voxel that is

not included in the representation of the plane and that has at least one 6 neighbor on one side of

the plane and another 6-neighbor on the other side of the plane .

Let P be such a voxel and Q and R be itś neighbors, as shown in  Figure 8 . In this case edges VW

and V´W´ are on different sides of the plane. The distance between the center of the voxel P ,

denoted by  , and the face V´W´X´Y´ is   and the distance between the center of the

voxel and the plane is  . Where   is an angle between the normal to the plane

and VV´W´W. But   so  .In this case voxel P would have been included

in the representation of the plane. Contradiction. So our initial assumption that there exists such a

voxel P and the plane has an 6-hole is false. So the plane is 6-separating .

Minimality :

Let us prove that this plane is minimal. Let us assume that their is a voxel in the representation of

the plane that can be removed without introducing an 6-hole. For this voxel condition   must

hold so the distance from the center of the voxel to the line is  . That means

that there are at least two faces of this voxel such that they are on the opposite sides of the plane.

But in this case removing this voxel from the representation of the plane will introduce a 6-hole.

So our representation of the plane is 6-minimal .

               t
                  2 6

                                          L 2

                                                 ¤

                                      ( ) 3 a
                                                                        co s

                            = S t
                                                                                                                       2 6

                                                                                                              £

S t
2 6

£

S L 2

¤

( ) 3 a
co s

£

                                                                                               t
                                                                                                  6
t

                                                                           x y z

                                                                               , ,

                                                                        ( )
                                                                                                          t
                                                                                                             6

                                                                                                      ˘ A
p
x

                                                                                                                  <
B
p
y C
p
z D
p
t
6

£
+ + +

                                                                  { }

                                         C
                                               p

L 2

¤

( )

                                                                            S L 2

                                                                                                     ¤

                                                                                          ( ) 2 b
co s

                                                                                  £ b

                                                                  t
                                                                     6

                                                                                          L 2

                                                                                                ¤

                                                                                      ( ) 2 b
                                                                                                                        co s

                                                                            = S t
6

£

S t
6

£

S L 2

¤

( ) 2 b
co s

£

1 0

Teorem 3 .

The set of voxel s  gives 26-separating, 26-min i -
mal plane .

Proof :

Separability :

Let us use the proof by contradiction.For our plane to have a 26 hole there must be a voxel that is
not included in the representation of the plane and that has at least one 26 neighbor on one side of
the plane and another 26 neighbor on the other side of the plane .

Let P be such a voxel and Q and R be itś neighbors, as shown in  Figure 8 . In this case points V
and W are on the different sides of the plane. The distance between the center of the voxel P ,
denoted by  ,  and point V is   and the distance between the center of the voxel and
the plane is  . Where   is an angle between the normal to the plane and VW.

                                                                         x y z
                                                                            , ,

                                                                     ( )

                                                                                                        t

                                                                                                           2 6

                                                                                                    ˘ A
p

x
                                                                                                                   <

B
p

y C
p

z D
p

t

2 6

£

+ + +
                                                               { }

P

R

                                                                                       Q V

W

S

                                                                                                      L

C
p

                                                          Figure 11.  Proof of the 3D  case for 26-separab ility and  26-minimality .

                                         C

                                               p

                                                                                                                  L 2
¤

                                                                                                               ( )

3

                                          S L 2
                                                                  ¤

                                                        ( ) 3 a

                                                                                          co s
                                                £ a

9
separating .

Minimality :

Let us prove that this line is minimal. Let us assume that their is a pixel in the representation of

the line that can be removed without introducing an 4-hole. For this pixel condition   must

hold so the distance from the center of the pixel to the line is  . That means that

there are at least two edges of this pixel such that they are on opposite sides of the line. But in this

case removing the pixel P from the representation of the line will introduce a 4-hole. So our repr e -

sentation of the line is 4-minimal .

4.2  Voxelizing a 3D Plan e

In the 3D case we will have to use equation (3) instead of equation 4 and lines G and H will be

replaced by planes G and H. The decision whether to include a given voxel into the digital repr e -

sentation of the polygon is handled the same way as in 2D. If the center of the voxel is between

planes G and H then this voxel is included into the digital representation of the polygon. In 3D

space we will be concerned with building either 6- or 26-separating representations of our pol y -

gons.

Let us use the same reasoning as with 2D case to come up with distances between planes G and H

which will give the representation of the polygon with desired separability .

Let us use the value of   in place of   in equation (3), as shown in  Figure 1 0 .

S t

4

£

S L 2

¤

( ) b
co s

£

                                                                                                        N

                                                                                              K

                                           L

                                                                                      a

P

                                                                                    b

K

3

L 2

¤

( )
3

=

t

2 6

K

3
a
co s L 2

¤

( )
3
a
co s

= =

t

6

L 2

¤

( )
2
b
co s

=

                               Figure 10.  The 3D case: L is the voxelś width, and K is th e diagonal. N is the normal to the

                               lin e from the voxelś cen ter.  a  is the angle between N and K.

                                                                               t

                                                                                  2 6
t

8

8-hole. So our representation of the line is 8-minimal .

Let us now use the value of   in place of   in equation  .

Teorem 2 .

The set of pixels   gives 4-separating, 4-minimal line .

Proof :

Separability :

Let us use the proof by contradiction.For our line to have a 4-hole there must be a pixel that is not
included in the representation of the line and that has at least one 4 neighbor on one side of the
line and another 4 neighbor on the other side of the line .

Let  P  be such a voxel and  Q  and  R  be its neighbors, as shown in  Figure 9 . Without loss of gene r -
ality let us consider the case in the Fig. 4. In this case, edges  V W  and V´W´ are on the different
sides of the line. The distance between the center of the pixel  P,  denoted by  ,  and the edge

V ´W´ is   and the distance between the center of the pixel and the line is  ,
where   is the angle between the normal to the line and VV´. But   so  .In
this case pixel  P  would have been included in the representation of the line. Contradiction. So our
initial assumption that there exists such pixel  P  and the line has an 4-hole is false. So the line is 4-

                                                                                               t

                                                                                                  4

t t̆ A
<
p

X B
p

Y D
p

t
£

+ +

                                                                        x y
                                                                            ,

                                                                    ( )

                                                                                                   t

                                                                                                      4

                                                                                                                  A

                                                                                                                       p

x B
p

y D
p

t

4

£

+ +
                                                                                                           <

                                                                                             ˘
                                                              { }

V

S

W

                                                                                         Q

P R

W
¢

V ’

C
p

                                                                          Figure 9.  Proof of the 2D case for 4-separability and  4-minimality .

C
p

                                   L 2
                                         ¤

                               ( )

S L 2
¤

( ) b
co s
£

                        b
t

4

L 2
¤

( ) b
co s

= S t

4

£

Proof :

Separability :

Let us use the proof by contradiction. For our line to have an 8-hole there must be a pixel that is

not included in the representation of the line and that has at least one 8-neighbor on one side of the

line and another 8-neighbor on the other side of the line .

Let  P  be such a pixel and  Q  and  R  be itś neighbors, as shown in  Figure 8 . Without loss of gene r -

ality let us consider the case in the Fig. 3. In this case points  V  and  W  are on the different sides of

the line and the center of the pixel is on the same side of the line as point V. The distance between

the center of the pixel  P,  denoted by  , and point  W  is   and the distance between the

center of the pixel and the line is  . Where   is an angle between the normal

to the line and the diagonal VW. But   so  . In this case pixel  P  would

have been included in the representation of the line. Contradiction. So our initial assumption that

there exists such pixel  P  and that the line has an 8-hole is false. So the line is 8-separating .

Minimality :

Let us prove that this line is minimal. Let us assume that there is a pixel in the representation of

the line that can be removed without introducing an 8-hole. For this pixel the condition

must hold so the distance from the center of the pixel to the line is  . That

means that there are at least two vertices of this pixel such that they are on the opposite sides of

the line. But in this case removing this pixel from the representation of the line will introduce an

P

                                                                                  Q

R

 S

V

W

L

C
p

                                                               Figure 8.  Proof of the 2D case for 8-separability and 8-minimality .

C
p

L 2

¤

( ) 2

                                                                                                                  S L 2

¤

( )
2
a
co s

                                                                                                                        £ a

t
8

L 2

¤

( ) 2 a
co s

= S t
8

£

S t
8

£

S L 2

¤

( ) 2 a
co s

£

6

Equations for the planes G and H will have the following form :

                                               (2)

A voxel centered at the grid point   will be incorporated in the representation of the plane P
if the point   lies between the planes G and H.

Poin t lies between planes G and H if the following condition holds :

                                            (3)

4.1  Pixelizing a 2D Lin e

In the 2D case we will deal with straight lines instead of plains and the conditions in the problem
will require 4- and 8- separability and minimality. In that case we will have lines G and H instead
of planes G and H and equation (3) will take the form :

                                                    (4)

Let us derive the distance between lines G and H corresponding to 8-separating line and 4-sep a -
rating line. In the equations below L is the size of the grid square (pixel), as shown in  Figure 7 . C
is the pixelś center and N is the normal to the line drawn from the point C .

Let us use the value of   in place of   in equation  .

Teorem 1 .

The set of pixels   is an 8-separating, 8-minimal line .

                                                                                                         A

                                                                                                              p
                                                                                                                  X B
p
Y C
p
Z D
p
t
±

+ + + 0=

                                                                                                                     x y z
,

                                                                                                                 { , }

                                           x y z
                                                     ,

                                       { , }

                      x y z
                                ,

                  { , }

                                                                                                                    t
                                                                                                                ˘ A
<
p
X B
p
Y C
p
Z D
p
t
£

+ + +
t
                                                                                                                        ˘ A
<
p
X B
p
Y D
p
t
£

+ +

                                                             L

                                                                                             K

                                                                                                             N

                                                                                 a

                                                                                                 b

                                                               C

K

2
L 2
¤

( )

2

=
t

8
K

2
a
co s L 2
¤

( )

2
a
co s

= =
t

4
L 2
¤

( ) b
co s

=

                               Figure 7.  The 2D case: L is the pixelś wid th , C  denotes its center, an d K is the diagonal. N is

                               the normal to the line from the pixel´s cen ter.  a  is the angle b etween N and K .

                                                                               t

                                                                                 8
t t̆ A
<
p
X B
p
Y D
p
t
£

+ +

                                                                        x y
                                                                            ,

                                                                     ( )

                                                                                                   t

                                                                                                      8
                                                                                                                  A

                                                                                                                       p
x B
p
y D
p
t

8
£

+ +
                                                                                                           <

                                                                                             ˘
                                                              { }

5

Finally, in addition to separability and minimality,   is required to approximate  S  as closely as

possible or. For example, the two voxelization of the curve in  Figure 5  are both 4-separating in 2D

space, but the right one seems to better approximate the curve. The mechanisms that assess the

accuracy of   depends on the specific algorithm and involves numerical considerations that are

discussed later .

4.  Voxelization of Lines and Plane s

Given a polygon in 3D space, an integer number N where   and a uniform grid in 3D

space construct a digital representation of the polygon that is N-separating and N-minimal .

We note that separability is a topological manifestation of thickness. We will use actual thickness

to control separability .

Given a plane P letś construct two parallel planes such that our plane lies between these planes

and is parallel to each of them, as shown in  Figure 6 .

Given an equation for plane P :

                                                 (1)

                                  Figu re 5.  Two 4-separating with different accuracies; the pixelization in the righ t seems

                                  to better app roximate the continuous curve then the one on the left .

S

¨

                                          S

                                           ¨

N 6 2 6

,

{ }

Î

G

P

H

                            Figure 6.   The plane P (solid line) and the tw o plan es parallel to P at distance t, G and H

                            (dashed lines). All voxels between G and H are included in the discrete representation of P .

                                                                                                                A
                                                                                                                      p

X B
p

Y C
p

Z D
p

+ + + 0=

4

Let   be a continuous surface such that   has exactly two connected components  I
and  O . Let   be a voxelization of  S , if   has exactly two  N -components  I  and  O ,  then   is
said to be  N-separating with respect to S , or, in short,  N-separatin g . This property is topological
and does not reflect on how close   is to the continuous surface  S . In practice, in order to avoid
dealing with the special cases of surface boundaries, we regard  N -separability as a local surface
property, for example, on a   neighborhood .

A voxel belonging to a  N -separating surface is called  N-simple voxel  if its deletion will not affect
the surface separability. An N-separating surface is called  N-minima l  if it does not contain any  N -
simple voxel, as shown in  Figure 4 .

Denote by  S
                                         d

                                             the set of all voxels that meet  S . That is, if we define the extent of the unit voxels as
having closed boundaries, each voxels that consist of a portion of  S  is in  S
d

. Denote by  I
d

 and  O
d
the set of voxels that are wholly contained in  I  and  O , respectively. One can show that  S
d

 N-sep a -
rates  I
                     d

                         and  O
                                               d

                                                  , for any N. However,  S
d

 is not always N-minimal, for any N. That is, although  S
d
is ’close’ to the continuous surface, it contains too many voxels. By removing all  N -simple voxels
from  S
                      d

                           we can generate a surface   that is both  N -separating and  N -minimal .

                                                 Figure 3.  A 4-sep arating curve (left) and  an 8-separatin g curve (righ t) .

                 S R

                                    3

                       Î

R

3

S
˘

                                       S
                                        ¨

S

S
˘ S
¨

                                                                                                                     S
                                                                                                                     ¨

                                                                                                   3 3
                                                                                                         ´ 3

                                                                                                                      ´

         Figure 4.  Examp les of a 4-min imal curve (left), 8-simple point (center), and a 4-simple poin t (right) .

                                                                                                                       S
                                                                                                                        ¨

S

d

Í

3
are said to be  N-connected in W  if there exists an N-path between them consisting only of voxels

in  W . It is easy to show that ^connectedness in  W ~ is an equivalence relation. The equivalence

classes under this relation are the  connected component s . A  (closed) N-curv e  is an N-path  P  that

either contains a single voxel or that each of its voxels has exactly two N-adjacent voxels in  P . An

o pen N-curv e  is a N-curve with two exceptions called  endpoint s , each of which has only one N-

adjacent voxel in  P .

In continuous space it is impossible to pass from the region enclosed by a curve to the region ou t -

side the curve without crossing the curve itself. In discrete space however, such paradox is poss i -

ble.  Figure 2  shows a 2D discrete 8-connected curve penetrating through another 8-curve without

meeting it. To avoid such disagreement between the continuous and discrete spaces it has been the

convention to define opposite types of connectivity for the white and black sets  [14 ] . Opposite

types in two dimensional space are 4 and 8, while in three dimensional space 6 is ^opposite~ to 26

or to 18. In 3D, however, the situation is much more complex because the connectivity of a su r -

face does not fully characterizes its topology. The failure of the connectivity to properly chara c -

terize a surface is the main motivation behind the notion of separability that is the main concern of

this work .

3.  Topological and Geometrical Consideration s

Let  S  be a continuous surface in  R

                                                                                                                  3
                                                                                                                     , we denote by   a discrete representation of  S  as a set of vo x -

els generated by some arbitrary procedure. There are three major requirements that   should fu l -

fill. First, we would like to preserve analogy between the continuous and discrete spaces by

assuring that   is penetrable if and only if  S  is. This requirement is called  separabilit y  and it is

formally defined and characterized in this section. In addition,   should be the most accurate di s -

crete representation of  S  according to some appropriate error metric. Finally, the voxelization

should be minimal, that is, it should not contain voxels that their removal makes no difference in

terms of separability. We now turn to describe each one of these requirements, namely separabi l -

ity, minimality, and accuracy, in more detail .

Let  A, B  and  C  be three disjoint sets of voxels.  A  is said to  N-separat e  B  and  C  if any  N -path  P

between a voxel in  B  and a voxel in  C  meets  A  (i.e,  P . (See  Figure 3 ) .

                                                       Figure 2.  An 8-connected curve penetrating th rough anoth er 8-curve .

S

¨

S

¨

                                              S

                                               ¨

S

¨

P
A

Ç Æ

¹