[6] S. L. Johnsson and C.-T. Ho, \Optimal Broadcasting and ersonalized Comm u- nication in Hyp ercub es," IEEE ans on Computers ol. 38, No. 9, Sept. 1989, pp. 1249-68. [7] T.H. Lai and A. Sprague, \Placemen of the Pro cessors of Hyp ercub e," IEEE ans. on Computers ol. 40, No. 6, June 1991, pp. 714-722. [8] T.H. Lai and W. White, \Mapping Pyramid Algorithms in to Hyp ercub es," J. of Par a. and Distri. Comput. pp. 42-54 (1990). [9] V. M. Lo, et al. \Mapping Divide-and-Conquer Algorithm to ara llel Arc hitec- tures," Int’l Conf. on Par al lel Pr ess ing 1990, V. 3, pp. 128-135. [10] R. S. Nikhil, G. M. apadop oulos and Arvind, \*T: Multithreaded Massiv ely arallel Arc hitecture," Int’l Symp. on Computer chite ctur 1992, pp. 156-167. [11] E. M. Reingold, J. Niev ergelt and N. Deo, Combinatorial lgorithms. Englew Cli�s, NJ: Pren tice-Hall, 1977. [12] Y. Saad and M. H. Sc ultz, \T op ological Prop erties of Hyp ercub es," IEEE ans Comput. ol. 37, No. 7, July 1988, pp. 867-872. [13] R. aradara jan, \Em edding Sh u�e Net or ks in Hyp ercub es," J. of Par a. and Distri. Comput. 11 pp. 252-256 (1991). [14] A. Y. u, \Em edding of ree Net o rks in to Hyp ercub es," J. of Par a. and Distri. Comput. pp. 238-249 (1985). 17 gcd ;n con ict-free meshes (e.g., taking ev ery other elemen in the cycle). As gcd gcd ), the theorem is pro ed. It is not kno wn whether the um er gcd ;d gcd established in the ab theorem is optimal. can sho it to at least nearly optimal though: with congestion 2, there are e�ectiv ely edges ailable in the yp ercub e, and as eac mesh needs +1 edges, the total um er of meshes em edable is at most (2 +1 n= (2 gcd ;d gcd ). Finally note that although the results presen ted in this section are for meshes (whic are the cross-pro duct of linear paths) only they can applied to the cross- pro duct of other regular binary-re ected trees iden ti�ed in this pap er as ell. Simply observ that used in the eginni ng of deriv ation can lo er-t riangular regular matrix of an kind. Conclusions ha demonstrated ho to represen an em edding as an edge matrix and obtained results that simplify unify impro e, or generalize existing results. The notion of edge matrix has pro ed to useful esp eciall when it comes to em edding ultiple regular spanning trees. It’s our elie that it can applied to other em edding as ell and is orth further study References [1] A. Agarw al, B.-H. Lim, D. Kranz and J. Kubiato wicz, \APRIL: Pro cessor Arc hitecture for Multipro cessing," Int’l Symp. on Computer chite ctur 1990 pp. 104-114. [2] M. Y. Chan and F. Y. L. Chin, \On Em edding Rectangular Grids in Hyp ercub es," IEEE ans on Computers ol. 37, No. 10, Oct. 1988, pp. 1285-1288. [3] M. Y. Chan, \Em edding of -Dimensional Grids in to Optimal Hyp ercub es," CM Symp osium of Par al lel chite ctur es and lgorithms 1989, pp. 52-57. [4] M.-S. Chen and K. G. Shin, \Pro cessor Allo cation in an -Cub Multipro cessor Using Gra Co des," IEEE ans on Computers ol. C-36, No. 12, Dec. 1987, pp. 1396-1407. [5] A. K. Gupta and S. E. Ham brusc h, \Multiple Net ork Em eddings in to Hyp er- cub es," Pr c. of 5th Distribute Memory Computing Conf. ol. I, 1990, pp. 1384- 1392. 16 Figure 5: The em edding of meshes. 15 bit of or of Th us, the edge sets corresp onding to and resp ectiv ely are disjoin t. Case 2: There is an in that is full along dimension In this case, has congestion along dimension as implie Case and so the congestion of along the same dimension is 2. Let min It is not hard to see that satis�es the condition of Lemma and hence has congestion no more than 2. (Fig. sho ws suc an example, using the edge matrix of Fig. 4). It is not kno wn whether is optimal except in the case of Theorem le ast max min gg opies of meshes an simultane ously emb dde into an -cub with onges tion no mor than two. When the numb er is optimal. Pro of The um er of em edable meshes follo ws directly from the ab commen ts. As for the optimalit for the case of equilateral meshes, let n=k the common alue of If 1, the mesh ecomes an -cub and ob viously no more than -cub es can em edded in an -cub with the limit of congestion 2. If 2, eac mesh has (2 1) 1) edges. With congestion 2, the -cub can accommo date guest edges. It can hec ed that 1) and so no more than suc meshes can em edded in the -cub without causing congestion greater than o. or 2-dimensional meshes, ha etter result: Theorem The numb er of meshes that an simultane ously emb dde in an -cub with onges tion no mor than is at le ast gcd ;d gcd Pro of or c; it is simple fact in um er theory that the sequence mo n; mo n; mo n; mo n; is erio dic and con tains exactly gcd d;n distinct elemen ts. Simply write c; d; d; to denote the \cycle." The in tegers can partitioned in to gcd d; cycles, namely c; d; d; for gcd d; ). These cycles are pairwise disjoin t. With these bac kgrounds, consider the gcd cycles +2 ), gcd ), where the ’s are as de�ned in Eq. (8). Eac mesh is full along dimensions and of the yp ercub e; i.e., i; Th us, elemen ts in cycle ha con icts i� they are consecutiv in the cycle. urthermore, these cycles are pairwise free of con icts in the sense that meshes from di�eren cycles do not con ict with eac other. Eac cycle has gcd ;n elemen ts and is able to o�er Tw meshes and are said to ha on ict i� 14 Figure 4: The edge matrix of mesh. and 3. No let us return to the problem of em edding ultiple meshes. Let the matrix of Eq. (7). is mesh. Consider the isomorphic meshes (8) where )), 1. Since eac con tains ro ws that are eac full and since eac uses at least one edge along eac dimension, the congestion of an of these meshes is at least 2. The question no is ho to select largest subset with congestion no more than 2. rom Eq. (7), one observ es that in eac exactly ro ws are full. De�ne )) is full is th us the set of dimensions along whic the edge sets of is full. The follo wing lemma indicates su cien condition under whic has congestion no more than 2. Lemma et If for any two distinct elements and in then has ongestion no mor than 2. Pro of Consider the congestion of along dimension of the yp ercub e, where 1. By the giv en condition, there exists at most one in whic has full edge set along dimension Case 1: There is no in that is full along dimension In this case, claim that for an distinct and �, the edge sets of and are disjoin along dimension from whic it immediately follo ws that has congestion in dimension erify the claim, let and an elemen ts in �. Observ from Eq. (7) that the edge set of (resp., along dimension has the string represen tation for some (resp., for some 0) and is full along dimension (resp., ). Since no elemen ts in are oth full along the same dimension, it ust that and with their -bit aligned, are readily seen to complemen of eac other at the osition of either 13 Figure 3: Em edding complete binary tree on binomial tree. in ulti le es es This section demonstrates another application of edge matrices. Consider the problem of em edding in the -cub ultiple copies of -dimensional mesh of size where sp ecial case of the problem has een solv ed in ]: when and meshes can em edded in the -cub with congestion and dilation 1. That em edding is quite complex and seems formidable to generalize. Using edge matrices, are able to dev elop simpler and more general em edding. widely used tec hnique for em edding mesh in yp ercub is the \cross-pro duct" of liner paths (e.g., see 12 ]). em ed mesh in an -cub e, one �rst maps, for linear path of length to -cub e. Let suc mapping. Then, eac mesh no de is mapp ed to the yp ercub no de whose lab el is equal to the concatenation of ). rite this mapping as Note that in the ab e, an not necessarily those describ ed in this pap er, that em eds linear path in -cub will ork. The em edding based on this mapping has unit congestion and unit dilation. or our ultiple em edding purp ose, restrict as follo ws. Let matrix as de�ned in Eq. (6), with and let (0 1). Similar to the pro of of Prop osition 3, de�nes Hamiltonian path in -cub e. Using this path as the image of the ab men tioned em edding the cross-pro duct em edding has the follo wing edge matrix: (7) where stands for blo of ’s. Fig. illustrates an example matrix, with 12 can accommo date at most edges; with eac spanning tree ha ving edges, that translates to (2 1) copies at most when 2. Our em edding is optimal in this sense. in ulti le Co lete inar rees Denote 0)the -lev el complete binary tree (with no des). can em edded in the -cub with congestion and dilation 14 ], while copies of can em edded with congestion and dilation ]. Here will impro the latter result applying Theorem 1. The basic idea is to em ed complete binary tree in binomial tree with congestion and dilation and then apply the result for binomial trees in Theorem 1. That will result in an em edding of complete binary trees in the -cub with congestion and dilation 2. Complete binary trees are em edded in binomial trees the follo wing algo- rithm. Note that has one more no de than lgorithm ): 1. If 1, em ed the only no de of in the non-ro ot no de of 2. If 1, then (a) Recursiv ely em ed the subtrees and of in to the subtrees and of resp ectiv ely (b) Supp ose and are the ro ots of and resp ectiv ely with eing the ro ot of Then, map the ro ot of on to em ed the edge et een the ro ots of and in to the edge and em ed the edge et een the ro ots of and in to the path ), where denotes the image of the ro ot of under the em edding. (See also Fig. 3.) The ab pro cedure main tains an imp ortan prop ert during the recursion: in ), the ro ot of is not used in the em edding and is adjacen to ). This prop ert mak es the recursion ossible. see the congestion of the em edding, observ that the edge et een and is used once in and another time in +1 +1 ). Based on these discussions, it is straigh tforw ard to formally pro induction that the ab em edding incurs congestion and dilation 2. summarize the result of this section as follo ws. Theorem As many as opies of an simultane ously emb dde in the -cub with ongestion and dilation 2. 11 Figure 2: our congestion-2 regular spanning trees in 4-cub and their edge matrices. It has long een kno wn that as man as linear paths (eac of length 1) or binomial trees can em edded in an -cub without causing congestion more than ]. In the follo wing sho that not only these kinds of graphs ha this nice prop ert but also do es ev ery regular binary-re ected tree, and, as matter of fact, that is what mak es regular binary-re ected trees so in teresting. Theorem As many as opies of any gular binary-r cte tr an simulta- ne ously emb dde in an -cub with unit dilation and ongestion no mor than two. Pro of In the follo wing pro of, shall mak use of the decomp osition of full edge set as in the second example of Section 2. Let an regular binary-re ected tree. By de�nition, can em edded with regular edge matrix as in Eq. (6). Let (0 1) and consider the utually isomorphic edge matrices, ), ). Eac of these de�nes regular binary-re ected spanning tree isomorphic to (b Lemma 1). The congestion among these trees along dimension (0 1) is the ultiplicit of the ultiset =0 )) =0 (applying the mo dulo- op eration to as appropriate). Observ that among these edge sets in the union, the -th one (i.e., (0) )) is full and the rest ones are \prop er" decomp osition of the full one (see Eq. (1)). The edge congestion along dimension is th us no more than 2. Fig. sho ws the em edding pro cedure of the ab pro of on 4-cub e. These trees are all binomial trees when and all Hamiltonian paths when Note that the congestion of in the ab result is inevitable ev en if only copies of the tree are em edded that is ecause the �rst cop already uses up one full edge set along some dimension while the second cop needs at least one edge along ach dimension. Also note that is the maxim um um er of copies one ma em ed without raising the congestion to more than with congestion 2, the yp ercub 10 nition An edge matrix is gular if it is isomorphic to some edge matrix of the follo wing form: (6) where 2. binary-re ected tree is gular if it is isomorphic to some suc that is regular. In the follo wing, sho that oth binomial trees and linear paths are regular. also pro that eac of the Gra co des can represen ted regular edge matrix. Prop osition inomial tr es ar g ular. Pro of Let in of Eq. (6). Suc an conforms with one of the ossible forms of in Eq. (3). is binomial tree, whic pro es this prop osition. Prop osition Line ar aths of length ar gular. Pro of Let in of Eq. (6). Suc graph is Hamiltonian observing in Eq. (4). Prop osition ny amiltonian ath de ne by the ay des an de ne by g ular dge matrix. Pro of Without loss of generalit assume (0 1). Recall Lemma and observ that is regular as the righ t-hand side of the ab equation is regular. wher ach olumn, the bit imme diately elow is the omplement of ach of the bits elow it. Pro of Again, assume Since is already kno wn to spanning tree, only ha to sho that eac no de in has at most edges inciden up on it. If no de is inciden on an edge in that is along dimension of the yp ercub e, then this indicates that along non-zero dimensions no de is inciden on at most one edge. Includi ng edges in dimension 0, eac no de has degree no more than o It is true that not ev ery Hamiltonian path on the cub can represen ted as an matrix. ortunately the most imp ortan ones, that is, those whic follo the Gary co des as de�ned elo w, do can so represen ted. nition Let an erm utation of (0 1), the partial rank of in (i.e., jf gj ), and an sequence of and/or 1. The Gra co de de�ned and is recursiv ely de�ned as follo ws: (( where is the rev ersed sequence of and is the sequence obtained from inserting bit to eac string of in the osition that has bits in ahead of it. Lemma The ay de de ne by (0 1) and an epr esen te by the fol lowing dge matrix: (1 1) (5) The ay des de ne with ermute an epr es ente by the dge matrix that is olumn-p ermute fr om matrix with the same ermutation. Re ular inar -Re ecte rees Among all binary-re ected trees, are most in terested in those whic are gular in the follo wing sense. Prop osition The set of al level- binary-r c te tr es is top olo gic al ly quivalent to the set of al gr aphs de ne by some dge matrix which is isomorphic to some lower-triangular dge matrix. All lev el- binary-re ected trees ha the same um er of no des, but ma ha di�eren heigh ts. These trees con tain the useful top ologies of binomial trees (de�ned elo w) and linear paths, whic resp ectiv ely represen the shortest and the tallest trees in this class. Linear paths are common data structures; binomial trees ha imp ortan applications in parallel divide-and- conquer algorithms ]. In the follo wing, sho ho to �nd the corresp onding edge matrices that de�ne these top ologies. nition An -lev el binomial tree is sp ecial -lev el binary-re ected tree. consists of single no de, whic is also its ro ot. is constructed out of ’s with their ro ots joined an edge and one of the ro ots ecoming the ro ot of Lemma is binomial tr if the dge matrix is isomorphic to (3) wher Pro of Without loss of generalit assume It is straigh tforw a rd to pro induction on that eac edge in sa edge +1 joins binomial trees (i.e., +1 and +1 at their ro ots and one of the ro ots, +1 ecomes the ro ot of +1 (i.e. +1 ). This is consisten with the de�nition of binomial trees. Lemma is amiltonian ath if the dge matrix is isomorphic to (4) Lemma et i;j an dge matrix such that i;j if or if if (2) Then de nes sp anni ng tr on the -cub e. Pro of Eac edge set con tains edges and so con tains =0 =0 edges. Since con tains no des, if can sho it to connected then is spanning tree. Claim: for an binary string all no des in the sub cub where are connected ). When the claim implies the connec- tivit of ). or 0, the claim is ob viously true as con tains only one no de. Assume for the induction yp othesis that the claim is true for and consider the case 1. By the yp othesis, the no des in sub cub +1 are connected ), and so are the no des in +1 The edge ;k +1 in joins no de in to no de in Th us, the no des in the sub cub +1 are connected ). The claim is pro ed. By Lemma 1, an edge matrix that can transformed to lo er-triangular form de�nes spanning tree on the yp ercub e. The follo wing de�nition pro vides some insigh ts in to the structure of suc tree. nition lev el-0 binary-r cte tree consists of single no de. lev el- binary-r cte tree 0, is tree consisting of isomorphic ’s that are joined together single edge at an corresp onding no des (i.e., the endp oin ts of the edge are corresp onding no des of these ’s under graph isomorphism). Note that the binary-re ected trees are abstract trees, while the spanning trees of the previous lemma are subgraphs of yp ercub es with eac no de lab eled binary string. Ho ev er, the ab de�nition do es indicate ho is constructed. One can sho induction on ::n that the �rst ro ws of de�ne connected comp onen ts (eac of whic is binary-re ected tree and all of whic are isomorphic) in the cub and th us when is binary-re ected tree. Con ersely giv en an one can add lab el to eac no de of its �rst subgraph with and that of its second subgraph with 1, where is to determined recursiv ely and \consisten tly" in the sense that the corresp onding no des (under graph isomorphism) of the ’s should ha the same for the recursion to terminate, the single no de of is lab eled with an empt string. so lab eled really uses lo er-triangular edge matrix. th us ha the follo wing. (a) (b) Figure 1: edge matrix de�ning spanning tree in the 4-cub e. ). Giv en an edge matrix i;j and binary string of length de�ne to also an edge matrix (0) (1) 1) Tw edge matrices and are said to isomorphic if there exists binary string of length suc that can obtained from erm uting ro ws and/or columns of (let the erm uting result follo ed the op eration This de�nition is consisten with the common notion of gr aph isomorphism Indeed, it is not hard to see that if edge matrices and are isomorphic, then their corresp onding graphs and are isomorphic. state this simple fact as lemma for ease of future references. Lemma If and ar isomorphic dge matric es, then and ar iso- morphic sub gr aphs of the hyp er cub e. inar -Re ecte rees Man spanning trees on the -cub can describ ed edge matrices. These include the ell-kno wn linear paths de�ned the binary re ected Gra co des 11 ], the binomial trees as de�ne in ], and man others. Fig. sho ws an example edge matrix and the spanning tree de�ned it. The matrix has non- bits only in the lo er triangle. In general, ha the follo wing. Tw graphs and are isomorp ic if there is one-to-one corresp ondenc et een the no des of and the no des of that x; is an edge in i� is an edge in An dge matrix of an -cub is matrix with ro ws and columns suc that eac ro legitimately represen ts an edge set on the cub e. If i;j is an edge matrix, let denote the union of all of the edge sets represen ted the ro ws of i.e., -th ro i; i; i;n where eac set in olv ed in the equation is regarded as multiset and th us eac elemen app ears in as man times as it app ears in di�eren edge sets on the righ t-hand side of the equation. The multiplicity of an element in ultiset is the um er of times it app ears in the set. The multiplicity of multiset is the maxim um ultiplicit er all elemen ts of the set. ample The follo wing edge matrix sp eci�es Hamming path et een no des 000111 and 110110. ample. As another example of the use of edge matrix, mak the follo wing observ ation that will used in subsequen sections: (1) where 2. This equation indicates ho full edge set can decomp osed in to disjoin edge sets. Other decomp ositions can obtained erm uting columns of the matrix on the righ t-hand side together with the bits on the left-hand side. or an edge matrix de�ne to the subgraph of the -cub suc that consists of all no des of the -cub and ) Also, for 0, de�ne to the matrix obtained from cyclicall shifting eac column of to the righ ositions. Note that

Denote the -th ro of As con en tion, the ro ws and columns of matrix are um ered starting from 0. Let denote the \exclusiv e-or" of bits f� and with the extension that and for or 1. De�ne meshes. Suc generalization ould formidable without using our new represen tation metho d. urthermore, our em edding is optimal for the whole class of regular binary-re ected trees and for meshes when in the sense that em edding more graphs is imp ossible without increasing the congestion. The problem of ultigraph em edding arises in system that runs ultiple jobs at time. (Eac job consists of um er of parallel tasks and is represen ted as graph, with ertices represen ting tasks, and edges comm unication patterns.) One approac is to allo cate dedicated subsystem to eac job. An alternativ is to run all the jobs on the whole system, with eac pro cessor executing the tasks of di�eren jobs in time- sharing fashion. This pap er assumes the latter approac h, in whic h, main taining su cien um er of ready-to-�re threads, the mac hine is able to etter hide latency (e.g., message transmission, memory access and i/o dela y), utilize computing er and balance load among no des. Sev eral ulti-threaded arc hitectures are in dev elopmen t, e.g., Alewife and MIT’s *T mac hine 10 ]. Section in tro duces the concept of dge matrix based on whic the class of binary re ected trees is de�ned in Section 3. sub class of the binary-re ected trees called regular binary-re ected trees is de�ned in Section 4, where its nice ulti-em edding prop ert is also sho wn. Section considers the ulti-em edding of complete binary trees. Section demonstrates ho to use edge matrices for ultiple mesh em edding. atrices An -dimensional yp ercub is an undirected graph with no des lab eled from to (in binary represen tation); no des are joined an edge i� their lab els di�er on exactly one bit. Th us, eac no de is represen ted binary string where and eac -dimensional sub cub ternary string �g with exactly ’s, where means \don’t care" bit. Tw sub cub es of the same dimension, sa +1 and +1 are said to ad ac ent along dimension if their string rep- resen tations are di�eren on exactly the th bit. If and are adjacen along dimension eac no de +1 in is joined an edge to no de +1 in The set of all suc edges, denoted +1 is referred to as the dge set et een and or simply an dge set Note that the string represen tation of an edge set con tains exactly one ’s, and binary bits, where is the dimension of and An edge set is said to ful if it is et een 1)-dimensional sub cub es, or equiv alen tly if its string represen tation con tains only ’s esides the Throughout this pap er, is the dimension of giv en yp ercub e. tro uction The em edding of guest graph in to host graph consists of functions: an mapping the ertex set of to that of in one-to-one fashion, and mapping eac edge to path in that joins to ). The dilation of an edge is the length of ), and the dilation of the em edding is the maxim um dilation er all edges of The ongestion of an edge x; in is the um er of edges suc that con tains x; The ongestion of the em edding is the maxim um congestion er all edges of Em edding guest graph in to host graph is an imp ortan problem in parallel and distributed computing, esp ecially when the host graph is yp ercub e. It’s ell kno wn that meshes 12 ], yramids ], sh u�e net orks 13 ], and complete binary trees 14 all can nicely em edded in yp ercub es. On the other hand, yp ercub es can em edded in grids ]. All these results in olv only single guest graph. Recen tly ultigraph em edding has receiv ed researc hers’ atten tions. Johnsson and Ho oin ted out that binomial trees can sim ultaneously em edded in an -cub with congestion no more than o Gupta and Ham brusc obtained man in teresting results: linear paths eac of length can em edded with congestion and dilation 1; complete lev el- binary trees can em edded with congestion and dilation 2; copies of meshes can em edded with congestion and dilation (assuming an ev en ). All these results ere obtained in an ad ho fashion using di�eren algorithms, in some cases ery complex. The main purp ose of this pap er is to demonstrate the use of matrix as repre- sen tation of graph em edding on yp ercub e. In the literature, the em edding of guest graph on yp ercub is ypically describ ed as function or pro cedure, with the image of the guest graph under the em edding merely implici tly implied the function or pro cedure. That often mak es it ery di cult to analyze the congestion of an em edding, esp eciall in the case of ultigraph em edding. In this pap er, prop ose simple to describ an em edding on yp ercub e. Sp eci�c all rep- resen the image of an em edding (whic is subgraph of the yp ercub e) as matrix. Through suc represen tation, are able to iden tify class of trees called gular binary-r cte tr es whic includes linear paths, binomial trees, and man others. sho an in teresting result that for an regular binary-re ected tree copies of can sim ultaneously em edded in an -cub with dilation and congestion at most 2. This uni�es and generalizes the ab men tioned results regarding binomial trees and linear paths. Also, with matrix represen tation, are able to em ed com- plete lev el- binary trees with congestion 4, as opp osed to congestion of ], and to generalize the em edding of ultiple meshes to general -dimensional or yp ercub e, graph em edding, binary trees, meshes, regular binary- re ected trees, congestion, dilation. This researc as pp orted ationa cience ndation nder ran