[Sc h89] U. Sc h� oning. Probabilistic Complexit Classes and Lo wness. Journal of Computer and System Scienc es 39:84-100, 1989. [Sim75] J. Simon. On some entr al pr oblems in Computational Complexity Ph.D. thesis. Cornell Univ ersi Ithaca, NY, Jan uary 1975. Av ailable as Cornell Departmen of Computer Science ec hnic al Rep ort, TR 75-224. [T d89] S. da. On the computational er of and In The Pr dings of the 30th nnual IEEE Symp osium on oundations of Computer Scienc pages 514-519, 1989. [TO90] S. da and M. Ogiw ara. Coun ting classes are at least as hard as the olynomial-tim hierarc Man uscript, July 1990. [T or88] J. or� an. Structur al Pr op erties of the Counting Hier ar chies Ph.D. thesis, Univ ersitat olit ec nica de Catalun a, Barcelona, Spain, 1988. [VV86] L. alian and V. azirani. NP is as easy as detecting unique solutions. The or etic a Computer Scienc 47:85-93, 1986. 27 References [BRS90] R. Beigel, N. Reingold and D. Spielman. is closed under in tersecti on. ec hni cal Rep ort ALEU/DCS/TR-803, ale Univ ersi Departmen of Computer Science, New Ha en, CT, June 1990. [FFK90] S. enner, L. ortno w, and S. Kurtz. Gap-de�nable coun ting classes. ec hnic al Re- ort 90-32, Univ e rsit of Chicago, Departmen of Computer Science, Chicago, IL, No e er 1990. [FR90] L. ortno and N. Reingold. is closed under truth-table reductions. ec hni cal Rep ort 90-30, Univ e rsit of Chicago, Departmen of Computer Science, Chicago, IL, Septem er, 1990. [Gup90] S. Gupta. note on the Coun ting hierarc ec hni cal Rep ort, The Ohio State Univ ersit Departmen of Computer and Information Sciences, OSU-CISR C-8/90- TR24, 1990. [Gup91] S. Gupta. New domains of in terpre tation for nondetermini sticall de�ned complexit classes. (In preparation) [OH90] M. Ogiw ara and L.A. Hemac handra. complex it theory for closure prop erties. ec hnic al Rep ort C-99, oky Institute of ec hnology 1990. app ear in Structure in Complexit Theory Conference. [PZ83] C. apadimi triou and S. Zac hos. Tw remarks on the er of coun ting. In Pr d ings 6th GI Confer enc on The or etic a Computer Scienc pages 269-276. Springer- erl ag ctur Notes in Computer Scienc 145 1983. [Reg82] K. Regan. En um eration problems. Man uscript, 1982. [RR90] K. Regan and J.S. Ro er. simpler pro of of ]. Man uscript, August, 1990. 26 Concluding Remarks One of the motiv ations for de�ning new domains( for in terpretation of functions com- puted NTMs as to study the reasons for existence of hard functions. Ho ev er, as stated efore, an class that is originally de�ned in terms of um er of accepting paths of NTM can rede�ned, under new in te rpretation. eliev that this is of indep enden in ter est. ha sev eral in tere sting relations et een classes de�ned in this fashion, whic ere not stated here as they are irrelev an to the theme of this pap er. It remains to seen if the enric hm en of nondeterministic complex it classes, pro vided these new domains, will bring us an closer to the goals of complexi theory Some results for these new in te rpretations of complexit classes that ma of imm e diate in terest are the follo wing (sligh tl stronger) analogues of da and Ogiw ara’s TO90 meta theorem: Theorem 6.1 et any class of sets and let any function in NUM :K Then, for every olynomial e, ther exist function #P and olynomial such that for al Pr ob )) Theorem 6.2 et any class of sets and let any function in NUM :K Then, for every olynomial e, ther exist function #P and olynomial such that for al Pr ob )) These meta theorems can used to pro duce \collapses" of in to arious coun ting classes. or example, using the ab e, it is easy to pro that CP :P CP These results, together with the pro ofs of the arious prop ositions stated in this pap er are studied in Gup91 ]. Ac kno wledgem e ts am grateful to Timoth J. Long for scrutinizing the prelim inary drafts of the pap er, and more imp ortan tly for his constan guidance and supp ort. 25 to that of random witness reduction in #P or example can talk ab out closure of these function classes under comp osition with high probabilit or, randomly hard functions for #P and #P Th us, the general de�nitions giv en in Section can applied to these new function classes. Using the tec hni ques of the sections and 4, it is easy to see the results in this section. obtain corresp onding collapses and closures with high probabilit This is eak e form of witness reduction hence it pro duces eak er collapses. Theorem 5.1 (Random witness reduction impl ies collapsing) UP UP Theorem 5.2 (Random closure i� random witness reduction) U #P is close under omp osition with #P andomly. Theorem 5.3 (Randomly hard functions for #P Pr op er subtr action( ), inte ger division( and span for some ar #P -har for #P andomly. Corollary 5.4 #P is close under omp osi tion with #P andomly #P is close under omp ositiion with andomly. Theorem 5.5 (Random closure i� random witness reduction) UP #P is close under omp osition with #P andomly. Theorem 5.6 (Randomly hard functions for #P Pr op er subtr action( ), inte ger division( and span for some ar #P -har for #P andomly. Corollary 5.7 #P is close under omp osi tion with #P andomly #P is close under omp ositiion with andomly. 24 AR x; ). Multiple guesses of ’s do not con tribute to the alue of AR or AR ). By the de�nition of the ab pro duct is if an one guess ). Hence, AR AR x; :AR x; AR x; AR AR AR x; :AR x; AR x; AR with the correct guesses and AR x; 0,1 Th us, AR ;x AR ;x AR ;y ::: ;y AR ;y ::: ;y )). Also, the running time of NTM is ounded some olynomial. Pro of of Theorem 4.12 sho that closure of #P under comp osition with prop er subtraction, in teger division and span impli es that UP Hence, Theorem 4.11, are done. The pro of for in teger division as done as part of Theorem 4.11. The pro of for prop er subtraction is ery simil ar, tak 1. Giv en as #P is closed under subtraction, there exists #P suc that 0. Let :g Then, under the yp othesis, there exists #P suc that span )). Hence, and 62 2. Again, as #P is closed under subtraction, #P No w, and 62 or, UP Random itness reduction in and In the previous sections studied random witness reduction in #P and then witness reduction in #P and #P The concept of random witness reduction in #P and #P is analogous 23 Then, as sho wn efore in Theorem 4.8(Claim 1), eac Under our yp othesis, UP there exists NTM pairs ), eac olynomial time ounded ), suc that, x; AR AR x; 62 AR No construct NTM whic witness that #P [and 1. Input 2. Guess (Note that it is ossible to guess ul tiple ). If and are not relativ el prime for some then guess and accept on and reject on 0. 3. Run on x; sequen tiall This follo ws some computations where is computation of on x; 4. Run on follo wing �nal computation +1 5. The computation +1 of accepts an ev en um er of +1 reject. It is not di cult to see that AR ;y ::: ;y AR x; :AR x; AR x; AR )] AR ;y ::: ;y AR x; :AR x; AR x; AR )] where the sum is tak en e all the guesses This is ecause eac that accepts con tributes in AR x; and eac that rejects con tributes in 22 ess re Theorem 4.11 (Closure if and only if witness reduction) UP #P is close under omp osition with #P Theorem 4.12 ard functions for #P Pr op er subtr action( ), inte ger division( and span ar #P -har for #P Corollary 4.13 (T The or em 4.12) #P is close under omp osi tion with #P #P is close under omp osition with Pro of of Theorem 4.11 =] Let Then, Prop osition 4.6, there exists NTM and olynomial suc that AR 62 AR Let AR and Under the yp othesis, since in teger division is #P -function, there exists #P suc that Th us, 62 Hence, witnesses that UP [= Let #P -ary function, witnessed NTM pair ). Let #P witnessed NTM pairs ), resp ec- tiv el eac olynomial time ounded. De�ne the follo wing languages as graphs of the ab functions: fh x; ij AR 21 where the sum is tak en er all the guesses This is ecause eac that accepts con tributes in AR � x; and eac that rejects con tributes in AR � x; ). By the de�nition of � the ab pro duct is if an one guess ). Also, AR � x; if ). Hence, AR AR Also, the running time of NTM is ounded some olynomial. Pro of of Theorem 4.9 sho that closure of #P under comp osition with prop er sub- traction, in teger division and span implie that UP Hence, Theorem 4.8, are done. Let Hence, there exists #P and olynomial suc that and 62 Let 1. Then, the yp othesis, #P and and 62 0. Th us, UP This sho ws that prop er subtraction is hard for #P Let Then, under the yp othesis #P and and 62 0. Th us, UP This sho ws that in teger division is hard for #P Giv en as #P is closed under subtraction, there exists #P suc that 0. Let :g Then, under the yp othesis, there exists #P suc that span ). Hence, and 62 2. Again, as #P is closed under subtraction, #P No w, and 62 or, UP 20 2. Guess 3. if then sim ulates on and accepts accepts. 4. if then nondeterministic ally branc hes in to tree with (n um er of accepts um er of rejects) equal to -y Note that AR x; AR x; Hence, Under our yp othesis, there exists NTM � suc that x; AR � x; x; 62 AR � x; No construct NTM whic witnesses that #P 1. Input 2. Guess 3. Run � on x; sequen tiall This follo ws some computations where is computation of � on x; 4. Run on follo wing �nal computation +1 5. The computation +1 of accepts an ev en um er of +1 reject. It is not di cult to see that AR ;y ::: ;y AR � x; :AR � x; AR � x; AR )] 19 Corollary 4.10 (to The or em 4. #P is close under omp osition with #P #P is close under omp osition with Pro of of Theorem 4.7 UP implie that :P UP UP using Prop ositions 4.6. Iterating this pro cess it is easy to pro that {z UP 1. Pro of of Theorem 4. =] Let Then Prop osition 4.6 there exists NTM and olynomial suc that AR 62 AR Let AR and Under the yp othesis, since in teger division is #P -function, there exists #P suc that Th us, 62 Hence, #P witnesses that UP [= Let #P -ary function witnessed NTM Let #P witnessed NTMs eac olynomial time ounded resp ectiv e ly De�ne the follo wing languages as graphs of the ab functions. fh x; ij AR Claim 1: Pro of: The follo wing NTM accepts 1. Input x; assume that 18 1. The left to righ con tainme is obtained taking the denominator NTM for to ha exactly one accept on all inputs. see that note that there exists #P suc that, 0, as #P is closed under comp osition with subtraction. Let #P witnessed the pair of NTM ). The um erator NTM witnesses 2. Let UP Then there exists set UP and and olynomial suc that x; ). Let accepted NTM Then, x; AR x; and x; 62 AR x; 0. Construct NTM whic h, on input x, guesses and sim ul ates on x; It is easy to see that, AR 3. Let witnessed NTM time ounded olynomial and Let AR #P As #P is closed under subtraction and ulti pli cation, let AR )) #P witnessed NTM The NTM has the required prop erties. ess re Theorem 4.7 itness reduction implie collapsing) UP UP Theorem 4. (Closure if and only if witness reduction) UP #P is close under omp osition with #P Theorem 4.9 ard functions for #P Pr op er subtr action( ), inte ger division( and span ar #P -har for #P 17 The de�nition of the class is sligh tly di eren from the standard one; ho ev er, they oth yield the same class. Also, note that the class #P is same as the class GapP de�ned enner, ortno and Kurtz FFK90 ]. The follo wing prop ositions can easily pro e from the de�nitions. Prop osition 4.4 1. #P #P #P 2. #P #P #P 3. 4. UP UP UP Prop osition 4.5 1. #P is close under omp osition with addition and multipli- ation. 2. #P is close under omp osition with addition, multiplic ation and subtr action. 3. #P is close under omp osition with addition, multiplic ation, subtr action and division (by non-zer #P function). outline the pro of of the follo wing prop osition. Prop osition 4.6 1. 2. UP 3. et Then, ther exists NT and olynomial such that, for al AR and 62 AR Pro of. 16 nition 4.1 1. function is in #P ther exists olynomial time- ounde nondeterministic machine such that Acc for al x. 2. function is in #P ther exists olynomial time-b ounde nondeter- ministic machine such that AR for al x. 3. function is in #P ther exists air of olynomial time-b ounde nondeterministic machines such that AR and AR ;x AR ;x for al x. nition 4.2 1. language ther exists function and #P such that, for al 2. language ther exists function and #P such that, for al 3. language ther exists function and #P such that, for al nition 4.3 1. language UP ther exists #P such that, for al and 62 2. language UP ther exists #P such that, for al and 62 3. language UP ther exists #P such that, for al and 62 Note that it is ossible to rede�ne an class of languages, originally de�ned in terms of um er of accepting paths of NTM, under new domain of in terpretation in tegers or rational um ers as ab e. or example, is the class of languages suc that there exists #P suc that and 62 0. 15 where is hosen uniformly Cho osing an appropriate completes the pro of. As an additinal comm en note that the class UP is the only class are are of that lies et e en and Clearly it lies in the using quan ti�er sim ulati on Sc h89 ]. itness reduction in and In this section �rst ask the question: what mak es subtraction hard function for #P this end, de�ne class #P whic is ery simil ar to #P except that it is closed under comp osition with subtraction. Do es that mean that #P is closed under comp osition with #P Not really ecause subtraction in #P do es not reduce witnesses. Ho e e r, prop er subtraction, as ell as in teger division, reduces witnesses ev e in #P and hence turn out to #P -hard for #P Next, ask the question: what mak e division hard function for #P and #P de�ne class #P whic is similar to #P and #P except that it is closed under comp osition with division. Ho e e r, in teger division, whic again reduces witnesses in #P turns out to #P -hard for #P These examples pro vide more evidence for the thesis that witness reduction is what mak es functions hard. re rie rep eat the de�nition of #P etc. to mak comparisons with the new classes #P and #P 14 62 Acc Let :Acc ), Acc ), ), for Then, Acc Th us, span )) 62 span )) Under our yp othesis, for all olynomials there exists NTM olynomial and #P suc that, ob span ))) or, ob 62 2) where, is hosen uniformly Again using the yp othesis, there exists olynomial and #P suc that, ob span 2)) where, is hosen uniformly Note that, and 1. Let )). Th us, ob 62 )) (1 where Let #P witnessed NTM No w, construct � whic guesses computa- tions of and accepts oth the computations accept. Let Acc � Then UP Th us, for all e, there exists UP and olynomial suc that ob (1 13 Let By Prop osition 2.6 there exists NTM and olynomial suc that Acc 62 Acc Let Acc #P and 1. Note that and 62 0. Under our yp othesis, for eac olynomial there exists #P and olynomial suc that, ob )) where, is hosen uniformly Then, for correct hoice of ha and 62 Let Then UP Th us, for all there exists UP and olynomial suc that ob This completes the pro of of the theorem. Pro of of Theorem 3.6 will sho that if #P is closed under comp ostion with prop er subtraction, in teger division, or span for some 2, randomly then UP This together with Theorem 3.5 pro es the theorem. As part of the pro of of Theorem 3.5 ha already sho wn that if #P is closed under comp osition with prop er subtraction randomly then UP The pro of that in teger division is #P -hard for #P randomly is quite simi lar to that of prop er subtraction; just tak No sho that span 2, is randomly hard for #P Let Then Prop osition 2.6, there exists NTM and olynomial suc that Acc 12 4. Sim ul ate NTM on x; sequen tially for eac 5. If an rejects then rejects and halts. 6. If for ev ery accepts, then sim ul ates on and accepts accepts. Claim 2: ob Acc ))) where, is hosen uniformly Pro of. Due to our hoice of for all i; and for eac ha e, ob x; Acc x; x; 62 Acc x; or, ob =1 x; Acc x; x; 62 Acc x; (1 where, is hosen uniformly Let suc that the conjunctiv condition holds. The probabilit of ho os- ing suc is at least or suc the conjunctiv condition impli es that on an incorrect guess ), for some eac computation of rejects, and hence rejects and halts (at step of NTM ). On the other hand, on the unique path corresop onding to the correct guesses, ), for all Acc x; 1. Hence, for correct guess there is exactly one path of NTM (at Step 6) that accepts and sim ulates with all the correct guesses This pro e our claim =] If #P is closed under #P then it is surely closed under prop er subtraction. will sho that this impl ies UP 11 1. Input x; Assume that 2. Guess 3. if then sim ul ate on accepts accepts. 4. if then guess If then reject else accept. Note that Acc x; No w, under our yp othesis, eac UP Cho ose olynomial suc that (1 (1 or, for all n. Then, there exists set UP and olynomial suc that for all x, ob x; x; Let NTM accept the set Th us, ob x; Acc x; x; 62 Acc x; where jh x;y ij is hosen uniformly No construct NTM suc that Acc )), with error probabilit less than Cho ose olynomial suc that, max jh x; ij )) and let selected randomly 1. Input 2. Guess for eac 3. Let pre�x of suc that jh x; ij ). 10 2. :K :K No state our results for random witness reduction, whic are analogous to witness reduction results of Ogiw ara and Hemac handra OH90 ]. Theorem 3.4 (Random witness reduction impl ies collapsing) UP UP Theorem 3.5 (Random closure if and only if random witness reduction) UP #P is close under omp osi tion with #P andomly. Theorem 3.6 (Randomly hard functions for #P Pr op er subtr action( ), inte ger division( and span for some ar #P -har for #P andomly. Corollary 3.7 #P is close under omp osi tion with #P andomly #P is close under omp ositiion with andomly. Pro of of Theorem 3.4 UP impli es that UP UP UP UP using Prop osition 3.3. Iterating this pro cess giv es { UP ]. Pro of of Theorem 3.5 [= Let olynomial and #P (witnessed NTM k-ary function. Let #P witnessed NTMs time ounded olynomials resp ectiv e ly No de�ne the follo wing languages as graphs of the functions fh x; ij Claim 1: for Pro of. The follo wing NTM accepts nition 3.1 1. et class of functions. et and let is close under omp osition with andomly for al olynomials for al ther exists an and olynomial such that, for al x, ob ))) wher e, is chosen uniformly. uivalentl y, we say that is close under omp osition with with an arbitr ar ily high pr ob ability. 2. et and classes of functions. say that is close under omp osi tion with andomly is close under omp osition with andomly 3. et and classes of functions. et Then, is -har for andomly is close under omp osition with andomly is close under omp osi tion with andomly The follo wing de�nition as �rst in tro duced da and Ogiw ara in TO90 ]. nition 3.2 :K for al olynomials ther exists and olynomial such that, for al strings x, ob wher e, is chosen uniformly. Our pro ofs in this section use the follo wing prop osition, whic is easy to pro directly from the de�nitions. art of the prop osition can also view e as eak er ersi on of the op erator in terc hange lem m pro ed Regan and Ro e RR90 ]. Prop osition 3.3 1. UP UP ha repro duced only parts of the ab theorem to oid cluttering the theme of the pap er with unneccessary details. or example, Ogiw ara and Hemac handra OH90 ha also sho wn that eak pluralit and strong pluralit are #P -hard. All our main results lo ok similar to the ab theorems, the theme running through all the results eing \witness reduction". Random itness reduction in As stated in the in tro duction, sev eral in teresti ng \collapses" of in to other classes ha een obtained using the random witness reduction constructed alian and azirani VV86 ]. In eac case, it as ossible to amplify the probabilit of reduction, using appropriate classes d89 and coun ting classes[ TO90 ]. ask the question: what sort of collapses will pro duced if the probabilit of witness reduction as arbitrarily high in the �rst place? It turns out that, if it ere ossible to reduce witnesses from man to one, with high probabilit then collapses to its second lev e l. As this result is fairly easy to pro e, do not state the pro of here. study stronger form of random witness reduction reducing witnesses from

�xed um er to one and from an other um er to zero with an arbitrarily high probabilit This is exactly the condition needed to mak function randomly hard for #P obtain results ery analogous to those of Ogiw ara and Hemac handra OH90 ]. Witness reduction with ery high probabilit collapses and to with ery high probabilit Also, random division, random subtraction, etc whic reduce witnesses with ery high probabilit turn out to randomly hard for #P No w, in tro duce the notion of randomly hard functions. The concept is motiv ated the notion of hard closure prop erties in tro duced Ogiw ara and Hemac handra OH90 and the op erator in tro duced da and Ogiw ara TO90 ]. Essen tially is same as the standard op erator, except that \free ampli�cation" is pro vided in the de�nition of 2. et and classes of functions. say that is close under omp osi tion with is close under omp osition with 3. et and classes of functions. et Then, is -har for is close under omp osition with is close under omp osition with nition 2. 1. or any two a; let (pr op er subtr action) denote max (0 2. or any two a; let (inte ger division) denote 3. or ach numb er and let span denote the numb er of distinct values in The follo wing are parts of the main theorem pro e in Ogiw ara and Hemac handra OH90 ]. Theorem 2.9 itness reduction implie collapsing) Theorem 2.10 (Closure if and only if witness reduction) #P is close under omp osition with #P Theorem 2.11 ard functions for #P Pr op er subtr action( ), inte ger division( and span for some ar #P -har for #P Corollary 2.12 (T The or em 2.11) #P is close under omp osition with #P #P is close under omp osition with 2. If then :K and :K 3. PH onsists of only the sets describ by and 2.. nition 2.5 1. 2. If then :K :K and :K 3. CH onsists of only the sets describ by and 2. The follo wing results are ell-kno wn. Note that part can pro ed from the de�nitions and part 1. Prop osition 2.6 1. or :K :K for any class 2. {z {z 3. Sim is in ther exists nondeterministic olynomial-time uring machine and olynomial such that for every (a) c( ,x) ,x) )+1 (b) c( ,x) (c) Acc The follo wing de�nitions are sligh tly mo di�ed ersions of the ones originally used Ogi- ara and Hemac handra OH90 ]. assume throughout that all functions are total. nition 2.7 1. et class of functions. et and let is close under outermost omp osition with x:f ))] 3. language ther exists #P such that, for al and 62 4. language ther exists #P and such that, for al Next, review the de�nitions of some standard op erators. nition 2.3 1. or class K, :K is the class de ne in the fol lowing way set is in :K if ther exists olynomial and set such that for every and x; 2. or class K, :K is the class de ne in the fol lowing way set is in :K if ther exists olynomial and set such that for every and x; 3. or class K, :K is the class de ne in the fol lowing way set is in :K if ther exists olynomial and set such that for every and x; 4. or class K, :K is the class de ne in the fol lowing way set is in :K if ther exists olynomial and set such that for every and x; Belo are the de�nitions of standard hierarc hies, the olynomial time hierarc y(PH) and the olynomial time coun ting hierarc (CH). nition 2.4 1. In Section let the witness functions AR function and then, the ratio of AR functions. again sho that prop er subtraction, in teger division and span are hard functions for ev en these new witness functions. Finally in Section 5, state similar results ab out random witness reduction with the new witness functions AR function and the ratio of AR functions. reliminaries Our mo del of computation is olynomial time ounded uring mac hi nes. All our languages are er �xed alphab et con taining at least sym ols The set of natural um ers, the set of in tegers, and the set of rational um ers, are denoted and resp ectiv ely denote the class of olynomial time computable functions. or string, denotes its length and for set denotes its cardinalit also use the standard pairing function h� �i de�ne the follo wing functions on nondeterministic uring mac hines(NTM s). nition 2.1 Given nondeterministic machine N, let Acc numb er of ac epting aths of on input x, and numb er of cting aths of on input x. Now, let AR Acc Note that AR functions ere used extensiv e ly to sho closure prop erties for BRS90 FR90 Gup90 ]. review the de�nitions of complexi classes that will discuss in this pap er. nition 2.2 1. function is in #P ther exists olynomial time- ounde nondeterministic machine such that Acc for al x. 2. language ther exists #P such that, for al tions for #P including division, subtraction, span, etc. or example #P is closed under comp osition with division #P is closed under comp osition with ev e ry other #P function ask the question: what mak es function hard? Is there an ything sp ecial ab out division or subtraction? In tere stingly the answ er lies in the same underlying theme, witness reduction. function is hard for #P if and only if it can reduce the um er of witnesses from an exact um er to one and from an other um er to zero. Compared to one used da d89 ], this is stronger form of witness reduction. Hence it pro duces stronger collapses. In this pap er study di eren forms of witness reduction. pro vide sev eral di eren instances, esides the ones stated ab e, of this tec hnique at ork. also formalize the notion of random witness reduction as ell as randomly hard functions. sho that function is hard randomly if and only if it can reduce the um er of witnesses randomly from �xed um er to one and from an other um er to 0. Random witness reduction leads to collapse with ery high probabilit supp ort our thesis that witness reduction is what mak es function hard, ary the witness functions on nondeterministic mac hi nes and ac hiev the same results. In particular, consider not only um er of accepting paths as witness functions, but also um er of accepting paths min us um er of rejecting path (AR function) and the ratio of AR functions. The AR functions are closed under comp osition with subtraction while the ratio of AR functions is closed under comp osition with subtraction and division. Ho ev er, prop er subtraction and in teger division, whic reduce witnesses ev en in the new domains, turn out to hard functions for these new classes of functions. This pap er is organized as follo ws: in Section in tro duce and formalize the notion of random witness reduction and randomly hard functions for #P study what sort of collapses are pro duced random witness reduction. Then sho that division, subtraction and span are randomly hard functions for #P tro duction Witness reduction allo ws comp osition of functions and hence collapses hierarc hies. This has een the underlying theme of sev er al recen results in complexit theory or example da and Ogiw ara’s recen result TO90 uses random witness reduction (SA to USA T), originally de�ned alian and azirani VV86 ]. This reduction randomly reduces the um er of witnesses to mem ership in language (in NP) from man to one. Using exact coun ting, da and Ogiw ara TO90 ere able to amplify the probabilit of the reduction so that, giv en exact coun ting, it is ossible to reduce the um er of witnesses to mem ership in language (in NP) from man to one, with an arbitrarily high probabilit This allo ws one to pro collapsing results suc as :P :P that is, PH can \collapsed" in to with an arbitrarily high probabilit Mem ership in language de�ned using nondeterministi mac hi nes is witnessed certain functions on the mac hine, usually some \threshold" on um er of accepting paths. By witness reduction, mean that these function alues are reduced. The form of witness reduction ma ary dep ending on what the witness functions are, for mem ership in the language, and on ho the witnesses are eing reduced. The witness reduction from alian and azirani, for example, randomly reduces um er of accepting paths from man to one. da’s initial result d89 ], that is di eren form of witness reduc- tion. Here, the witness function is \n um er of accepting paths od and the witnesses are reduced randomly Again using alian and azirani’s reduction, and giv en that is closed under uring reductions PZ83 ], it is ossible to construct nondeterministic mac hi ne for an suc that um er of accepting paths of on od and 62 um er of accepting paths of on od 0, with an arbitrarily high probabilit No w, the fact that is closed under comp osition \collapses" in to with high probabilit Ogiw ara and Hemac handra OH90 ha recen tly sho wn certain functions to hard func- stract iden ti fy \Witness reduction" as the underlying theme of sev eral recen results in complexit theory These include da’s result that the \collapsing" of in to with high probabilit y; da and Ogiw ara’s results whic \collapses" in to arious coun ting classes with high probabilit y; and hard functions for #P studied Ogiw ara and Hemac handra. Ogiw ara and Hemac handra ha sho wn that subtraction, division, etc. are hard for #P in the sense that, if #P is closed under comp osition with subtraction and division then, it is closed under comp osition with ev ery other #P function. iden ti fy witness reduction as the reason for the existence of hard functions. supp ort our thesis de�ne new function classes whic are apriori closed under comp osition with subtraction and division implyi ng that subtraction and division do not reduce witnesses in these classes. Ho ev er, prop er subtraction and in teger division do reduce witnesses in the new classes and turn out to hard for these classes. also in tro duce and formalize the notion of random witness reduction and randomly hard functions and obtain results analogous to those of Ogiw ara and Hemac handra.