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Abstract— One of the most promising applications of data
mining is its use on biomedical data to assist in patient diagnosis.
Any method of data analysis intended to support the clinical
decision-making process should meet several criteria: it should
capture clinically-relevant features, be computationally feasible
and provide easily-interpretable results. In an initial study, we
examined the feasibility of using Zernike polynomials to represent
biomedical instrument data in conjunction with a decision tree
classifier to distinguish between diseased and non-diseased eyes.
Here we provide a comprehensive follow-up to that work,
examining a second representation, Pseudo-Zernike polynomials,
to determine whether they provide any increase in classification
accuracy. We compare the fidelity of both methods using residual
root mean squared error and evaluate accuracy using several
classifiers: neural networks, C4.5 decision trees, Voting Feature
Intervals, and Naı̈ve Bayes. We also examine the effect of several
meta-learning strategies: boosting, bagging and Random Forests.
We present results comparing accuracy as it relates to dataset and
transformation resolution over a larger, more challenging, multi-
class dataset. They show that classification accuracy is similar for
both data transformations, but differs by classifier. We find that
Zernike polynomials provide better feature representation than
pseudo-Zernikes and that decision trees yield the best balance of
classification accuracy and interpretability.

Index Terms— Decision trees, spatial modeling, corneal shape.

I. INTRODUCTION

The field of medicine has greatly benefited from advances
in computing. Medical imaging, genetic screening and large-
scale clinical trials to determine drug efficacy are just three
areas where increased computational power is fueling massive
growth in the collection and evaluation of patient data. With
the ability to accumulate and store large amounts of patient
data comes the desire to discover any underlying relationships
that might exist. The field of data mining has arisen to
address this task. When applied to medical data, traditional
data mining applications like classification and clustering can
yield commonalities among patients that might be an indicator
of a given condition. If such commonalities are found, one
could create a signature, where patients who are found to
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possess it could be diagnosed with, or classified as potentially
having, the condition.

The use of biomedical instrument data to support clinical
decision-making presents several challenges that are well-
suited to knowledge discovery and data mining methods. In
general, this problem consists of extracting useful patterns of
information from large quantities of data with attributes that
often have complex interactions. Instrument data are inher-
ently multidimensional and therefore difficult to summarize in
simple terms without losing potentially useful information. A
natural conflict exists between the need to simplify the data to
make it more interpretable and the associated risk of sacrificing
information relevant to decision support.

Transforming spatial features in instrument data quantifies,
and thereby exposes, underlying patterns for use as attributes
in data mining exercises. To be useful, a data transformation
must faithfully represent the original spatial features. Orthogo-
nal polynomials have been successfully used to transform very
different types of spatial data [1]. Zernike polynomials are one
such family of orthogonal polynomial functions [2]; pseudo-
Zernike polynomials are another related, but less common
orthogonal polynomial series [3].

In this study, we evaluate the use of these two polynomial
transformations as a means of automating and objectively
quantifying features from biomedical instrument data to sup-
port diagnostic classification and clinical decision support
for eye disease. Specifically, given a multi-class set of data
where each record represents the surface features of the
cornea, we examine whether it is possible to reconstruct the
surface, capturing the relevant anatomical features needed for
successful classification, while at the same time reducing the
dimensionality of the data. We accomplish this by using the
polynomial coefficients from the transformed images as input
features for classification experiments with decision trees,
neural networks, and two Bayesian-based classifiers. We also
examine the effects of meta-learning on the above classifi-
cation methods. Our initial expectations were that increasing
the polynomial order of the transformation would improve
classification results. However, our data showed otherwise.

In Section II we provide background on the domain-specific
application addressed in this study. Section III describes the
Zernike and pseudo-Zernike polynomial series, their use in
spatial data transformation, and our reasons for selecting them.
The transformation process is detailed in Section IV and our
experimental methods are listed in Section V. We present our
results comparing model fidelity and classification accuracy in
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Section VI. We cover related clinical work in Section VII and
conclude with a discussion and interpretation of our results in
Section VIII.

II. BIOLOGICAL BACKGROUND

Image formation in the human eye begins when entering
light is focused by the cornea, passes through the pupil, and is
further focused by the lens, forming an image on the retina at
the back of the eye. Since light must pass through the cornea,
clear vision depends very much on the optical quality of the
corneal surface, which is responsible for nearly 75% of the
total optical power of the eye [4]. The normal cornea has
an aspheric profile that is more steeply curved in the center
relative to the periphery. Subtle distortions in the shape of
the cornea can have a dramatic effect on vision. For this
reason, the shape of the corneal surface is measured clinically
for the treatment and diagnosis of eye disease. The process
of mapping the surface features on the cornea is known as
corneal topography [5].

A. Clinical Use of Corneal Topography

The use of corneal topography has rapidly increased in
recent years because of the popularity of refractive surgery and
the decreased cost of powerful personal computers. Refractive
surgery is an elective surgical treatment intended to reduce
one’s dependence on glasses or contact lenses. The most
common surgical treatment performed for this purpose is laser
assisted in-situ keratomileusis (LASIK). Corneal topography is
used to screen patients for corneal disease prior to this surgery
and to monitor the effects of treatment after.

Another clinical application of corneal topography is the
diagnosis and management of keratoconus. Keratoconus, a
progressive, non-inflammatory corneal disease, distorts corneal
shape and results in poor vision that cannot be corrected with
ordinary glasses or contact lenses. Patients with keratoconus
frequently seek refractive surgery due to their poor vision.
However, such treatment exacerbates corneal distortion and
frequently leads to corneal transplant. Thus, corneal topog-
raphy is a valuable tool for diagnosis and management of
keratoconus as well as for the prevention of inappropriate
refractive surgery in this patient group.

B. Determination of Corneal Shape

The most common method of determining corneal shape is
to record an image of a series of concentric rings reflected from
the corneal surface. Any distortion in corneal shape will cause
a distortion of the concentric rings. By comparing the size
and shape of the imaged rings with their known dimensions,
it is possible to mathematically derive the topography of the
corneal surface.

Figure 1 shows an example of the output produced by a
corneal topographer for a member of each patient class in our
dataset. These represent illustrative examples of each class,
i.e. they are designed to be easily distinguishable by simple
visual inspection. The top portion of the figure shows the
imaged concentric rings. The bottom portion of the image

Fig. 1. Characteristic corneal shapes for each of the three patient groups
(easily-distinguishable for illustrative purposes). The top images show pictures
of the cornea and reflected concentric rings. The bottom shows the false-
color topographical maps representing corneal curvature, with an increased
curvature given a color in the red spectrum, decreased curvature in blue.
From left to right: Keratoconus, indicated by the central steepening of the
cornea; Normal; and post-LASIK, with the typical central flattening of the
cornea.

shows a false color map representing the surface curvature
of the cornea. This color map is intended to aid clinicians and
is largely instrument-dependent.

There is a lack of broadly accepted standards among domain
experts and instrument manufacturers about the best method of
interpretation. Many alternatives exist, but in clinical practice,
domain expertise is the usual basis for interpretation, which
results in a qualitative task of pattern recognition from the
false color maps. The motivation to apply machine learning
techniques to the classification of this data increases as the
features that distinguish between patient categories become
more subtle, the costs of misclassification rise, or domain
expertise is reduced.

The data from the topographer used in our study consist of
a 3D point cloud of approximately 7000 coordinates arrayed
in a polar grid. The height of each point z is specified by the
relation z = f(ρ, θ), where the height relative to the corneal
apex is a function of radial distance from the origin (ρ) and
the counter-clockwise angular deviation from the horizontal
meridian (θ). The inner and outer borders of each concentric
ring consist of a discrete set of 256 data points taken at a
known angle θ, but a variable distance ρ, from the origin.

The number of data points is a function of the topographer’s
sampling resolution and should be high enough to capture any
surface irregularities that might be present. Using this raw data
as a feature vector for classification would likely result in poor
performance. In addition, it does not provide means for clinical
decision support. We would like to say that a patient was
classified in a certain way due to specific anatomical features.
Therefore, in order to run our experiments, we must first
transform the data and expose the spatially-correlated features.
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III. SPATIAL TRANSFORMATIONS

A number of transformation methods exist, but regardless
of the method selected, it must meet certain criteria. First, it
should preserve the important features that may exist in the
data as well as any correlations among them. Second, it must
reduce the dimensionality of the data. Reducing the feature
space increases the interpretability of the results and allows for
comparisons to be made between objects that have undergone
the same transformation. While not explicitly required, we
would also prefer a method that maintains an anatomical
correspondence between the original data and the created
model. This will allow us to visualize our classification results,
aiding in in clinical decision support [6]. In the section below,
we describe the Zernike and pseudo-Zernike polynomials, two
transformation methods that fulfill our requirements and have
previously been used in image analysis [3].

There are a number of reasons for choosing Zernike and
pseudo-Zernikes as a transformation method. First, Zernike
polynomials were originally derived to describe optical aber-
rations and their geometric modes have a direct relation to
the optical function of the eye [2], [7]. Second, several of
the circular polynomial modes of Zernike polynomials show
strong correlation with natural anatomical features of the
cornea (i.e. normal corneal asphericity and astigmatic toricity).
Previous studies have indicated that for the same polynomial
order, pseudo-Zernike polynomials more accurately model the
corneal surface than Zernike polynomials [8]. Their perfor-
mance in classification, however, has not been examined to
date.

A. Zernike Polynomials

Zernike polynomials are a series of circular polynomials
defined within the unit circle. They are orthogonal by the
following condition:

∫ 2π

0

∫ 1

0
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where δ is the Kronecker delta. Their computation results
in a series of linearly independent circular geometric modes
that are orthonormal with respect to the inner product given
above. Zernike polynomials are composed of three elements:
a normalization coefficient, a radial polynomial component
and a sinusoidal angular component [9]. The general form
for Zernike polynomials is given by:

Zmn (ρ, θ)=





√
2(n + 1)ZRmn (ρ) cos(mθ) for m > 0√
2(n + 1)ZRmn (ρ) sin(|m|θ) for m < 0√
(n + 1)ZRmn (ρ) for m = 0

(2)

where n is the radial polynomial order and m represents
azimuthal frequency. The normalization coefficient is given
by the square root term preceding the radial and azimuthal
components. The radial component of the Zernike polynomial,
the second portion of the general formula, is defined as:
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TABLE I

TOTAL NUMBER OF COEFFICIENTS FOR EACH TRANSFORMATION AS A

FUNCTION OF THE POLYNOMIAL ORDER.

Transform 4 5 6 7 8 9 10
Zernike 15 21 28 36 45 55 66

Pseudo-Zernike 25 36 49 64 81 100 121

Note that the value of n is a positive integer or zero. For a
given n, m can only take the values −n, −n + 2, −n + 4,
. . . , n. In other words, m − |n| = even and |n| ≤ m. Thus,
only certain combinations of n and m will yield valid Zernike
polynomials. Any combination that is not valid simply results
in a radial polynomial component of zero.

Polynomials that result from fitting our raw data with
these functions are a collection of approximately orthogonal
circular geometric modes. The coefficients of each mode are
proportional to its contribution to the overall topography of the
original image data. As a result, we can effectively reduce the
dimensionality of the data to a set of polynomial coefficients
that represent spatial features from the original data.

B. Pseudo-Zernike Polynomials

Pseudo-Zernike polynomials are another family of orthogo-
nal polynomial functions [3]. Like Zernike polynomials, these
functions are an infinite series of circular modes that are
orthogonal over the normalized unit circle. The general form
for pseudo-Zernike polynomials is given by:

PZmn (ρ, θ) =





√
2(n + 1)PRmn (ρ) cos(mθ) for even n,m 6= 0√
2(n + 1)PRmn (ρ) sin(mθ) for odd n,m 6= 0√
(n+ 1)PRmn (ρ) for m = 0

(4)

Similarly, the radial portion of the pseudo-Zernike polynomial
is defined as:

PR
m
n (ρ) =

n−|m|∑

s=0

(−1)s(2n+ 1− s)!
s!(n−m− s)!(n+m+ 1− s)!ρ

n−s (5)

and is related to the radial component of the Zernike series
in the following manner:

ρPRmn (ρ2) = ZR2m+1
2n+1 (ρ) (6)

One difference between pseudo-Zernike and Zernike poly-
nomials is that with pseudo-Zernike polynomials, the only
constraint on m is that |m| ≤ n. This results in the generation
of (n+1)2 linearly independent polynomials for a given degree
n, as opposed to the 1

2 (n + 1)(n + 2) polynomials that are
generated for a Zernike polynomial of the same degree.

When discussing our data transformations, we often refer to
Zernike or pseudo-Zernike polynomials of a certain order (n).
Each order is comprised of a varying number of coefficients.
We provide the number of coefficients for each order and
transformation that we tested in Table I. Since the series are
orthogonal, all of the lower order coefficients are contained
within the higher order transformations.
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IV. IMPLEMENTATION DETAILS

Our data transformation method is based on methods de-
scribed in detail by Schwiegerling et al. and Iskander et
al. [10], [11]. In summary, the data is modeled using either
polynomial transformation method over a user-selected circu-
lar region of variable-diameter, centered on the axis of mea-
surement. The generation of the Zernike and pseudo-Zernike
model surface proceeds in an iterative fashion, computing a
point-by-point representation of the original data at each radial
and angular location up to a user-specified limit of polynomial
complexity. The polynomial coefficients of the surface are
computed by performing a least-squares fit of the model to the
original data, using standard matrix inversion methods [10].

The polynomials produced in this manner are orthogonal
or approximately orthogonal. However, it may not necessarily
be the case that polynomials fit to discrete data using the
least-squares process are orthogonal. This is especially true
when using radial sampling and a small number of data points.
However, for a large number of data points, as is the case here,
they will be approximately orthogonal [12]. Given a small
number of points, however, a Gram-Schmidt orthogonalization
procedure can be used to ensure orthogonality [13].

Once we have computed the polynomial coefficient vector,
we compute the residual, or root-mean-square (RMS) error
between our surface model and the actual instrument data by
the following relationship:

RMS =
1
√
D

∥∥∥CO − ĈM
∥∥∥ (7)

with ĈM representing the model surface created using the
coefficients computed through least-squares estimation, CO
the original instrument-based surface elevations, D the number
of data points and ‖ · ‖ the Euclidean norm. RMS error is just
one of many methods used to evaluate the goodness-of-fit of
a model. Alternate measures can be employed if desired.

V. EXPERIMENTAL SETUP

In this section we provide a description of our dataset and
a summary of the experiments performed.

A. Experiments

1) Fidelity of Spatial Transformations: There is no con-
sensus within the vision community as to what parameters
one should use when computing a Zernike or pseudo-Zernike
polynomial transformation on corneal topography data. It is
possible to vary both the number of data points and the
polynomial order. Each have an affect on the computational
cost of the transformation. The former changes the size of the
region of interest (maximum radius from the image center),
while the latter controls the final number of coefficients.
Choosing the correct radius is crucial. If it is too small, the
relevant surface features may not be captured. If the radius is
too large, there is a chance that the outer rings will not contain
a “complete” set of data points, which can occur due to the
presence of a nose or eyelid shadow in the image. Having an
incomplete ring will cause errors in the transformation process,
producing a number of unwanted edge effects. We elect to test

four different radii values that we felt were appropriate for our
application: 2.0, 2.5, 3.0 and 3.5 mm.

While we are primarily interested in using these transfor-
mations as input for classification, we would like to know the
fidelity of our surface models. The first step in this evaluation
is to convert the original data records into their equivalent
Zernike and pseudo-Zernike polynomial representations. We
compute 4th through 10th order Zernike and pseudo-Zernike
transformations on the four radii values mentioned above,
yielding a total of 56 transformations for each record (7 orders
* 4 radii * 2 polynomial series). To test their effectiveness as
a modeling method, we calculate the average RMS error for
each patient class over each order and radius.

2) Classification: The next set of experiments involves an
extensive comparison of several popular classification methods
to determine which performed best with respect to classi-
fication accuracy, where accuracy is defined as the number
of correct classifications divided by the total, expressed as a
percentage. The classification methods that we test include an
ID3-based decision tree (C4.5) [14], Voting Feature Intervals
(VFI) [15], Naı̈ve Bayes (NB) [16], Random Forests (RF) [17]
and a neural network (NN) [18]. We run each classifier with
boosting (Bst) [19] and bagging (Bag) [20], except for the
neural network and random forests, which we do not boost
or bag. We conduct all of our classification experiments using
the Weka Data Mining Toolkit v3.41. All experiments were
run using ten-fold cross-validation [21]. A brief description
of the classification algorithms and experimental procedures,
as well as a comprehensive list of results, are provided in an
online Appendix at the web address given below2.

For the ID3-based decision tree, we choose C4.5. The Weka
version of C4.5 implements Revision 8, the last public release
of C4.5 [14], [22], [23]. We use the following parameters in
our experiments: binary splitting on attributes, confidence of
0.25, and a minimum number of 2 instances per node. With the
VFI experiments, we set the bias parameter to 0.6. We keep
Weka’s default settings when classifying with Random Forests
(10 iterations). For the neural network, we use a multi-layer
perceptron trained using back propagation [18]. We evaluate
a number of different parameter settings, but achieved the
highest accuracy when the perceptron is set to autobuild and
run for 500 iterations, with a learning rate of 0.3, a momentum
of 0.2, and a single hidden layer containing as many nodes as
there are attributes in the feature vector.

For the bagging experiments, we set the bag size parameter
to 100% and the number of iterations to 10. The boosting
experiments use AdaBoost.M1 [19] with a weight threshold
of 100, again over 10 iterations. The base classifiers that are
boosted and bagged use the same parameters as the non-
boosted and non-bagged versions.

B. Dataset

The dataset for these experiments consists of the examina-
tion data of 254 eyes obtained from a clinical corneal topogra-
phy system, the Optikon Keratron. The data was examined by

1http://www.cs.waikato.ac.nz/∼ml/weka/
2http://www.cse.ohio-state.edu/∼srini/titb06/
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TABLE II

PARTITIONS OF THE DATASET USED IN THE VARIOUS CLASSIFICATION

EXPERIMENTS.

Name Description
all Classify between all patient groups

(Normal, Keratoconus and LASIK)
K-L Classify between Keratoconus and LASIK
K-N Classify between Keratoconus and Normal
L-N Classify between LASIK and Normal
NL-K Combine Normal and LASIK into one group

and classify against Keratoconus.

an expert and divided into three groups based on the clinical
diagnosis. The divisions are given below, with the number of
patients in each group listed in parentheses:

1) Normal (n = 119)
2) Post-operative myopic LASIK (n = 36)
3) Keratoconus (n = 99)

The difference in corneal shape between the patient groups
is as follows: compared with normal corneas, post-operative
myopic LASIK corneas are distorted, but generally have
a flatter than normal center curvature with an annulus of
greater than normal curvature in the periphery (Right panel,
Figure 1). Corneas that are diagnosed as having keratoconus
are also more distorted than normal corneas. Unlike the LASIK
corneas, they generally have localized regions of steeper than
normal curvature at the site of tissue degeneration, but often
have normal or flatter than normal curvature elsewhere (Left
panel, Figure 1).

To determine whether using a simpler, two-class dataset
has any effect on accuracy, we repeat all of our classification
experiments using different subgroups of the original dataset.
The different subgroups, or partitions, are listed in Table II.
The all partition reflects the original dataset, the others the
two-class subgroups. One note on the NL-K partition: The
NL-K group combines the normal and LASIK corneas into
one class and places those labeled as having keratoconus
into the other. The intent of this test is to see how well we
could distinguish normal eyes (both with and without surgical
treatment) from diseased.

VI. RESULTS

In the following section, we discuss the results of our
experiments. In an attempt to improve readability, we only
present a subset of the overall results. Also, rather than
focus on specific numbers, we discuss the overall trends.
For the interested reader, we provide a complete listing of
all experimental results in the previously-mentioned online
Appendix. In all of the results tables, Order refers to the
polynomial order of the transformation (4 to 10) and Radius
the maximum radius examined (2.0, 2.5, 3.0 or 3.5 mm). The
pseudo-Zernike values are labeled as PZ, while the Zernikes
are denoted with a Z. The values listed under the Dataset
column refer to the dataset partitions listed in Table II.

For the classifier labels, we generally refer to the full name
of the classifier, though we do abbreviate on occasion. In those
instances, C4.5 refers to the C4.5 decision tree, VFI to Voting

Feature Intervals, NB to the simple Naı̈ve Bayes classifier, RF
to Random Forests and NN to classification by multi-layer
perceptron. Unless otherwise noted, all classification results
are listed as the percentage of correct classification for the
dataset. For a given set of parameters, we list the methods
that provide the highest accuracy values in bold type.

A. Fidelity of Spatial Transformations

Our first set of experiments is to compare the fidelity of the
models generated by the spatial transformations discussed in
Section III. We compute the residual modeling error for each
patient class as a function of the polynomial order for each
diameter.

In Figures 2 (a) and (b), we present the average RMS
error by patient class for each transformation as a function
of the radius and polynomial order, respectively. We find that
for the same order, the RMS error for the pseudo-Zernike
transformation is about half that of a Zernike. A more sizable
difference is found between the different patient groups. Kera-
toconus corneas are associated with residual errors greater than
normal eyes and LASIK eyes have approximately the same or
slightly greater residual error than normal. These results have
anatomical validity, as a patient suffering from keratoconus is
likely to have much greater distortion of corneal shape than
either normal or LASIK eyes and these distortions will be
more difficult to model accurately.

In addition, residual error increases along with the radius
of transformation. As the radius increases, the number of data
points that must be considered increases as well. This results in
a larger surface that must be modeled and since the complexity
of the transformation remains the same, we are left with a
larger error. We also find that in most cases, as the radius of
the transformation increases, the residual error of the pseudo-
Zernike transformation grows at a slower rate than the residual
error of a corresponding Zernike transformation. This effect is
more pronounced at lower polynomial orders and agrees with
previous studies [8].

Also of note is that residual error appears to be related
to the number of coefficients used in the transformation. For
instance, a 7th order pseudo-Zernike transformation results in
a polynomial with 66 coefficients. A 10th order Zernike trans-
formation will yield a polynomial with 64 terms. Comparing
the average residual errors for these two transformations, we
find that they are either identical, or the error of the Zernike
model is smaller. Similar trends are seen when comparing the
other transformations with similar numbers of coefficients (6th
PZ and 8th Z, 5th PZ and 7th Z, 4th PZ and 6th Z).

B. Classification

Here we describe our classification results. While we orig-
inally conducted our experiments using boosting and bagging
with the C4.5, Naı̈ve Bayes and VFI classifiers, we found they
only had a positive effect on the decision trees. Thus, we have
decided only to present the ensemble-learning results with
C4.5. In addition, due to space constraints, we focus mainly
on the all partition. Trying to distinguish between the three
patient classes presents the greatest classification challenge.
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(a) (b)

Fig. 2. (a) RMS error (µm) for a 4th order polynomial fit as a function of transformation radius (mm) for each patient class (Kera - Keratoconus, LASIK,
Norm - Normal) and transformation (PZ - pseudo-Zernike, Z - Zernike). (b) RMS error (µm) as a function of polynomial order. The fit radius is fixed at
3.5 mm. The error is shown for each patient class and transformation. For clarity, error bars are not shown, but the magnitude of the standard deviation is
typically 40 to 50% of the mean for the normal and LASIK values and similar in magnitude to the mean for the keratoconus values.

We mention results obtained from the other dataset partitions
where germane.

1) Accuracy versus Radius: When examining the classi-
fication results using the standard classifiers, we find that in
most cases, as the radius increases, the classification accuracy
increases as well. We present these results graphically in Fig-
ure 3. To improve readability, we limit the graph to just the 4th
order Zernike results on the all partition. These results were
chosen because they are illustrative of the trends seen with the
other transformations. The numbers for each order over the
different partitions tend to vary slightly, but the overall trends
remain the same. The direct relationship between accuracy
and radius is apparent for every classifier except the neural
network with the higher order pseudo-Zernike transformations
(7th and above). In these cases, accuracy tends to drop as
the radius is increased. However, for the Zernike and low-
order pseudo-Zernike transformations, the direct relationship
holds. This relationship is likely due to the fact that when
we increase our surface model, we are better able to capture
the surface irregularities that distinguish between the different
classes. For example, with a small radius, a cornea suffering
from keratoconus might represent as normal if the corneal
bulge is not central. Using a larger radius value decreases the
chance of such a misclassification.

2) Order versus Accuracy: When discussing the rest of
our classification results, we focus on those achieved with a
transformation radius of 3.5 mm. Using this radius ensures
that we capture most, if not all, of the irregularities that
may be present over the measured diameter of the corneal
surface. It also tends to produce the highest accuracy values.
Table III shows the accuracy results of the classifiers tested
on that radius for each dataset partition. While increasing the
radius generally has a positive effect on classification accuracy,
no such trend emerges when the polynomial order of the
transformation is increased.

For the C4.5 classifier, we find that classification accuracy
stayed fairly constant (within one or two percentage points)
as the polynomial order is increased. In addition, there is not
a great deal of difference in classification accuracy between

Fig. 3. Accuracy as a function of transformation radius (in mm) for the
standard classifiers tested: C4.5, Voting Feature Intervals (VFI), Naïve Bayes
(NB) and a neural network (NN). The graph depicts results for a 4th order
Zernike transformation on the all dataset partition.

the two transformations. The C4.5 decision trees consistently
provide classification results above 85% , and some dataset
partitions (K-L and L-N), have accuracy results above 90%.
The Random Forest classifier remains stable as well, with
accuracy ranging between 87% and 90%, which is roughly
the same as for C4.5 with boosting or bagging.

Unlike the C4.5 readings, which stay fairly constant, the VFI
results tend to follow a bell-shaped pattern. They improve until
the 6th or 7th order, then decrease. On the 6th and 7th orders,
however, VFI provides comparable results to C4.5. The only
exception is with the K-L partition, where the results become
much worse as the polynomial order is increased. This effect is
especially pronounced on the pseudo-Zernike transformation.

The Naı̈ve Bayes classifier provides acceptable results
(above 80%) for lower order transformations, but as the
polynomial order is increased, accuracy drops rather quickly.
The only real exception is when classifying the L-N partition.
For that dataset, classification accuracy remains above 90%,
likely because the patients within that partition are easily
separated by a couple of attributes. Adding the Keratoconus
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TABLE III

CLASSIFICATION ACCURACY FOR ZERNIKE AND PSEUDO-ZERNIKE TRANSFORMATIONS AT EACH POLYNOMIAL ORDER WITH A RADIUS OF 3.5 mm

Bagged Boosted Naı̈ve Random Neural
Data- C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order Set (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 all 86 87 89 89 90 89 89 84 86 87 90 89 86 85
5 all 86 88 88 90 90 89 89 88 81 85 90 89 87 85
6 all 87 87 88 90 88 89 88 89 76 83 88 90 82 86
7 all 88 85 90 88 90 88 88 88 71 78 89 88 78 86
8 all 86 86 89 89 89 89 85 88 71 75 87 89 76 84
9 all 84 87 89 89 88 89 84 86 71 74 87 88 70 87
10 all 88 86 90 88 89 89 81 86 68 73 87 87 50 81

4 K-L 92 92 95 92 95 95 95 88 81 82 96 94 85 85
5 K-L 90 93 93 93 96 95 93 92 68 77 96 95 85 85
6 K-L 91 94 93 94 94 97 91 93 60 72 95 97 83 85
7 K-L 92 94 93 94 96 96 90 92 54 66 95 96 81 84
8 K-L 92 92 94 93 95 96 82 89 52 60 93 95 81 85
9 K-L 92 92 95 93 96 96 76 88 49 59 93 95 76 86
10 K-L 93 92 93 93 96 96 69 84 53 56 92 94 58 85

4 L-N 95 93 97 95 96 96 94 91 96 96 98 96 98 95
5 L-N 95 94 97 95 96 96 94 91 95 95 98 96 97 97
6 L-N 96 95 97 96 96 96 94 95 95 96 98 98 96 97
7 L-N 97 95 98 96 97 96 92 95 94 94 97 98 97 97
8 L-N 96 95 97 96 96 96 92 94 94 93 97 97 96 98
9 L-N 97 95 97 96 97 95 91 94 93 93 96 96 96 96
10 L-N 96 95 97 96 96 95 91 92 91 94 96 96 95 95

Fig. 4. Accuracy as a function of polynomial order for the classifiers tested:
C4.5, C4.5 with bagging (C4.5 - Bag), C4.5 with boosting (C4.5 - Bst),
Voting Feature Intervals (VFI), Naïve Bayes (NB), a neural network (NN)
and Random Forests (RF). Graph depicts results for an increasing polynomial
order on a 3.5 mm radius Zernike transformation on the all dataset partition.

patients blurs this separation. We surmise that the drop in the
accuracy of the Naı̈ve Bayes classifier as the order increases
is due to an increase amount of noise in the surface model. A
similar argument applies to the VFI classifier as it is based on
a Bayesian model as well. The neural network suffers from
the same fate as the Naı̈ve Bayes, though the effect is more
pronounced on the pseudo-Zernike datasets.

3) Number of Coefficients versus Accuracy: When exam-
ining the accuracy of C4.5, C4.5 with boosting or bagging,
VFI, or Random Forests on the transformations with a similar
number of coefficients (8th PZ and 10th Z, 6th PZ and 8th Z,
5th PZ and 7th Z, 4th PZ and 6th Z), one can see that there is
no real difference between the accuracy of Zernike or pseudo-
Zernike polynomials. For a few classifiers on the smaller radii
values, C4.5 on the K-L partition with a radius of 2.0 mm for

instance, we find that the pseudo-Zernike transformation ac-
tually does outperform the corresponding Zernike polynomial.
In this case, the pseudo-Zernike transformation yields a 6%
improvement over Zernike. The opposite occurs with the L-N
partition, however. The reason for this discrepancy is likely due
to the fact that the surface features that distinguish the corneas
in these partitions are outside the scope of the transformation
radius. A Zernike polynomial can effectively model a surface
irregularity, but not if it is beyond the diameter of the area
of interest being modeled. If the irregularity is not included,
it will not be modeled, no matter how many additional terms
are included.

VII. RELATED WORK

Iskander et al. [11] developed a method of modeling corneal
shape using Zernike polynomials with a goal of determining
the optimal number of coefficients to use in constructing the
model. In a follow-up study, the same group concluded that
a 4th order Zernike polynomial was adequate in modeling
the majority of corneal surfaces [24]. In a earlier study, our
group showed that with Zernike polynomials, lower order
transformations were able to capture the general shape of the
cornea and were unaffected by noise [25]. We also found that
higher order transformations were able to provide a better
model fit, but were also more susceptible to noise.

A number of studies on the classification of corneal shape
have been produced that use statistical summaries to represent
the data [26], [27]. These studies used multi-layer perceptrons
or linear discriminant functions in classification. Smolek and
Klyce have done a great deal of work into modeling and
classifying corneal topography [28]. They have examined the
problem of distinguishing between normal and post-operative
corneas through the use of one-dimensional wavelets and
neural networks [28], [29]. They report impressive results, but
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use a very small dataset in their experiments. To the best of
our knowledge, our group was the first to use decision trees for
corneal classification. In our initial study, we attain accuracy
values ranging from 85% with standard C4.5 to the mid-90s
with C4.5 and various meta-learning techniques [25].

VIII. DISCUSSION

While accuracy is the most important factor to consider
when choosing a classification strategy, another attribute that
should not be ignored is the overall interpretability of the final
results. Decision trees have often been favored over (possibly)
more accurate “black-box” classifiers such as neural networks
because they provide more understandable results. In medical
image interpretation, decision support for a domain expert
is often preferred to an automated classification made by an
expert system. While it is important for a system to provide a
decision, it is often equally important for clinicians to know
the basis for an assignment. Decision trees provide a more
transparent view of how these classifications are derived as
well as the features involved.

In Table IV we summarize the comparisons of this study. We
list each classifier tested as well as how it fares in the following
categories: accuracy; speed, or the time needed to create the
classification model; scalability, or whether increasing the size
of the dataset affects the model creation time; interpretability,
if the criteria used for classification can be gleaned from the
classification model; and stability, how the accuracy varies as
the dataset changes.

Overall, we found the speed, accuracy, stability and inter-
pretability of decision trees preferable to other methods for this
dataset. The accuracy of C4.5 was among the highest of the
standard classification methods and it can be improved further
through meta-learning techniques such as boosting or bagging.
We observed that when the adaBoost algorithm was combined
with C4.5, our best classification results were achieved with a
fourth order polynomial model. With bagging, the best results
were achieved with a fifth order model. This improvement
comes at a loss of speed and interpretability, however.

Random Forests tended to perform as well as C4.5 with
boosting or bagging. The Random Forests algorithm creates
multiple decision trees during each classification run, incorpo-
rating a form of bagging into its normal operation, so those
results are not surprising. Voting Feature Intervals provides
reasonably high accuracy, but the classification model is not
as stable as that of a decision tree, with accuracy decreasing
as the polynomial order increases. The same was true for the
Naı̈ve Bayes classifier. A likely explanation for this result is
that higher order polynomial models tend to fit both features
and noise, which could reduce accuracy. This could be a big
disadvantage in cases where higher order polynomials are
needed to faithfully capture features in other applications not
considered here.

We found that the neural network was also much less stable
than the decision tree algorithms, suffering from a similar drop
in accuracy at higher orders as seen with VFI and Naı̈ve Bayes.
Again, this is likely due to the increased number of coefficients
and larger degree of modeled noise. In addition to the lack

TABLE IV

COMPARISON OF CLASSIFICATION METHODS. C4.5 REFERS TO THE

DECISION TREE CLASSIFIER, NN TO THE NEURAL NETWORK, VFI TO

VOTING FEATURE INTERVALS AND NB TO NAÏVE BAYES. META REFERS

TO C4.5 WITH BOOSTING (OR BAGGING) AND RANDOM FORESTS.

Criteria C4.5 NN VFI NB META
Accuracy + ± + ± ++

Speed + – – + + –
Scalability + – – + + ±

Interpretability ++ – – – – –
Stability ++ – – – ++

of stability, the time needed to construct and test the neural
network was much greater than all of the other methods tested.
While we could classify all of our datasets in just minutes with
C4.5, VFI or Naı̈ve Bayes, or a few hours with the ensemble-
learning algorithms, it took days to complete a single neural
network test.

The argument could be made that a different set of neural
network parameters might yield faster, superior results, espe-
cially on the higher order data. Such a claim may be true, but
the same argument could be made for every other classifier
as well, except for Naı̈ve Bayes, which is parameter-free.
Furthermore, we tested a large number of different network
parameter values, varying the number of training iterations and
hidden layers, whether the learning rate was set to decay, or
a if validation set was used. Those results were much lower
than the results reported here – often by 20-25%. While it
can be argued that our chosen network structure may been
inadequate, there is no systematic method for determining a
better one.

In light of our findings, there does not appear to be any
benefit to using pseudo-Zernike polynomials as a transfor-
mation method. Previous studies stated that the lower RMS
error of pseudo-Zernike polynomials implied that they were
more robust to noise and therefore would provide a more
faithful surface model [8]. Those comparisons were only made
over equivalent polynomial orders, however. When comparing
the absolute number of coefficients, we find that a Zernike
transformation yields an equal or higher-fidelity model than
the corresponding pseudo-Zernike polynomial.

In addition, we find that an increase in the fidelity of the
surface model does not translate into improved classification
performance. If the additional information were indeed useful
in distinguishing between the patient classes, accuracy would
increase along with the polynomial order of the transformation.
The highest accuracy generally occurs when classifying with
a 4th, 5th or 6th order Zernike model, regardless of patient
category. These results suggest that overall, a fourth order
polynomial has both sufficient complexity and the fidelity
needed to correctly distinguish the clinical conditions studied
here.

Several possible variations to our strategy exist that may
help to optimize this classification exercise further. Traditional
ensemble-learning techniques like boosting and bagging im-
prove performance by aggregating the results of classifiers
built from multiple samples of the data. We recently proposed
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a technique that seeks to increase accuracy by combining the
decisions of classifiers built on multiple spatial resolutions of
the same data sample [31]. Such a strategy could also be
employed here. Also, alternate spatial transformations such
as wavelets, which have used to effectively classify protein
data [30], may be of use. We do not intend to limit these
methods solely to the classification of keratoconus. We plan
further extensions to provide a generalized framework for
problems involving biomedical data analysis that can be used
to easily test different representation methods and provide an
impartial assessment of each.
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APPENDIX

In the text below we provide a very brief overview of the
classification algorithms used in this work. For a more in-depth
discussion, we refer the reader to one of the several books on
data mining [22].

Bayesian classifiers are based on Bayes’ rule of conditional
probability. The simplest method is the Naı̈ve Bayes classifier
(NBC) [16]. A NBC classifies an object by calculating the
probability of that object belonging to each of the possible
classes and choosing the label with the highest probability.
This is done by calculating the contribution of each feature (or
attribute) to a class as a conditional probability. These values
are combined to arrive at a prediction.

Voting Feature Intervals (VFI) is similar to the NBC in
that each feature is considered independently, but rather than
calculate a conditional probability for each attribute, the di-
mensional space of each feature is divided into a series of
intervals with a number of votes being assigned to each [15].
Each feature votes for a particular class, and the class with
the largest number of votes becomes the predicted class for
the object.

The principle behind a decision tree (DT) is to select
an attribute at each node and divide the feature space into
increasingly fine-grained regions. The class label of an object
is based on the final region in which it lies. There are many DT
algorithms, but here we focus on those in the ID3 family. ID3-
based DTs [14] rely on the principle of entropy to partition
the search space. In the case of classification, entropy is used
to represent the ratio of disagreement between the class labels
of the objects in a given partition. At each node in the DT, an
ID3-based algorithm selects the feature that best minimizes the
entropy of the partition. Another popular decision tree-based
strategy is Random Forests (RFs) [17]. With RFs, rather than
construct a single tree to classify an object, multiple trees are
constructed and they all “vote” on a class label.

The neural network (NN) is another method of classification
that has seen wide use in patient diagnosis. Each network con-
sists of a specified number of input nodes that are connected to
one of possibly several hidden layers consisting of a varying
number of processing nodes. The hidden layer is connected
to a set of output nodes, one per class label. Given a set of
training data, the NN will then attempt to learn a function that
minimizes the predictive error.

Several techniques have been applied to existing classi-
fication methods in an attempt to improve accuracy. These
techniques are often called meta or ensemble − learning
methods because they combine the output of several other
methods to achieve their results. We employ two such meth-
ods, boosting [19] and bagging [20]. They both reach a deci-
sion through the aggregation of multiple hypotheses, taking a
user-specified classification algorithm and constructing several
different classifiers. The results of these models are combined
to reach a final decision. When constructing the classifiers, a
different sample of the data is selected (with replacement) at
each iteration. Bagging draws an independent sample, whereas
boosting draws a weighted sample, with misclassified objects
carrying a higher weight during the training process. When

combining the final results, boosting will put more weight
on the classifiers built with the misclassified objects, while
bagging weighs the contribution of all underlying classifiers
equally.

When experiments are conducted with n-fold cross valida-
tion, the dataset is divided into n test sets (folds) of equal size.
A classifier is trained for n iterations, omitting a different test
fold each time. The classifier is tested and errors computed
using the omitted fold.

Additional Results

Here we present the complete results of our experiments.
The RMS error of each transformation method for each patient
class and transformation radius is given in Table V. The
classification results for each dataset partition are listed in
Tables VI - X (all - VI; K-L - VII; K-N - VIII; L-N - IX;
NL-K - X).
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Transform Order Normal Keratoconus LASIK
2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5

PZ 4 0.12 0.16 0.22 0.31 0.19 0.32 0.49 0.76 0.15 0.22 0.34 0.53
PZ 5 0.09 0.12 0.17 0.24 0.14 0.22 0.34 0.51 0.11 0.15 0.23 0.36
PZ 6 0.07 0.10 0.14 0.20 0.10 0.17 0.25 0.39 0.08 0.12 0.18 0.27
PZ 7 0.05 0.08 0.11 0.16 0.07 0.12 0.19 0.30 0.05 0.08 0.14 0.20
PZ 8 0.03 0.06 0.09 0.14 0.05 0.08 0.14 0.23 0.04 0.06 0.11 0.16
PZ 9 0.02 0.04 0.07 0.11 0.04 0.06 0.11 0.18 0.02 0.04 0.08 0.12
PZ 10 0.02 0.03 0.06 0.09 0.03 0.05 0.08 0.14 0.02 0.03 0.06 0.10
Z 4 0.15 0.21 0.29 0.42 0.29 0.52 0.88 1.42 0.21 0.33 0.60 1.02
Z 5 0.12 0.16 0.22 0.31 0.20 0.33 0.52 0.85 0.16 0.24 0.42 0.81
Z 6 0.10 0.14 0.19 0.26 0.15 0.24 0.37 0.58 0.13 0.18 0.27 0.46
Z 7 0.08 0.11 0.16 0.21 0.12 0.18 0.28 0.42 0.10 0.15 0.22 0.34
Z 8 0.07 0.10 0.14 0.19 0.09 0.15 0.22 0.33 0.08 0.12 0.18 0.26
Z 9 0.06 0.08 0.12 0.16 0.07 0.12 0.18 0.27 0.07 0.10 0.15 0.22
Z 10 0.05 0.07 0.10 0.14 0.06 0.10 0.15 0.22 0.05 0.08 0.12 0.18

TABLE V

AVERAGE RESIDUAL ERROR (IN µm) FOR EACH PATIENT CLASS FOR EACH TRANSFORMATION (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER EACH

RADIUS (IN mm) FOR THE TESTED POLYNOMIAL ORDERS.

Bagged Boosted Naı̈ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 76 76 81 80 81 79 84 83 78 80 82 81 79 79
5 2.0 73 74 81 80 80 79 83 83 73 77 81 81 78 79
6 2.0 73 74 81 80 80 80 80 82 70 74 80 81 77 78
7 2.0 75 72 82 79 80 79 81 82 66 71 80 82 77 79
8 2.0 73 74 81 80 80 79 78 82 65 69 80 80 73 80
9 2.0 72 72 80 80 78 80 72 80 63 66 79 80 69 78
10 2.0 72 75 80 82 79 81 71 78 62 66 78 80 48 76

4 2.5 77 78 83 82 84 82 81 81 84 85 83 83 82 81
5 2.5 75 78 82 81 83 83 82 79 77 82 83 82 83 80
6 2.5 76 78 81 83 83 83 81 80 73 79 82 81 74 79
7 2.5 75 75 82 82 83 83 81 81 69 76 81 83 68 82
8 2.5 75 77 82 82 83 83 80 81 69 74 80 82 69 78
9 2.5 75 78 82 82 83 83 81 79 63 72 80 81 48 74
10 2.5 73 75 82 81 82 83 79 79 62 72 80 80 79 73

4 3.0 79 81 85 84 87 85 87 85 85 87 87 85 86 85
5 3.0 82 81 87 85 87 87 86 86 82 83 87 85 86 85
6 3.0 81 84 87 87 87 88 84 85 77 81 87 87 85 85
7 3.0 80 84 87 86 87 89 86 85 71 78 86 86 76 86
8 3.0 81 85 87 87 87 88 84 85 71 77 87 86 69 83
9 3.0 81 83 87 87 88 89 82 85 66 75 86 87 58 79
10 3.0 79 82 87 87 87 88 81 84 64 73 84 85 52 77

4 3.5 86 87 89 89 90 89 89 84 86 87 90 89 86 85
5 3.5 86 88 88 90 90 89 89 88 81 85 90 89 87 85
6 3.5 87 87 88 90 88 89 88 89 76 83 88 90 82 86
7 3.5 88 85 90 88 90 88 88 88 71 78 89 88 78 86
8 3.5 86 86 89 89 89 89 85 88 71 75 87 89 76 84
9 3.5 84 87 89 89 88 89 84 86 71 74 87 88 70 87
10 3.5 88 86 90 88 89 89 81 86 68 73 87 87 50 81

TABLE VI

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE all DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII.
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Bagged Boosted Naı̈ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 93 87 92 90 92 88 85 87 71 78 91 90 87 88
5 2.0 91 86 92 90 91 88 85 86 65 72 91 90 86 91
6 2.0 91 85 92 90 91 88 82 85 59 69 90 90 88 87
7 2.0 90 87 91 91 91 89 78 84 54 64 90 91 89 86
8 2.0 88 88 90 91 89 90 73 82 54 62 90 90 89 88
9 2.0 87 85 89 90 89 89 68 80 45 58 88 89 88 88
10 2.0 84 86 89 89 86 89 67 73 45 58 87 88 74 89

4 2.5 88 88 91 90 92 90 85 86 77 80 91 90 93 91
5 2.5 89 89 91 90 93 91 85 86 66 78 91 90 91 92
6 2.5 88 89 91 90 91 92 85 85 61 70 91 91 92 93
7 2.5 85 89 90 90 90 90 79 85 50 66 90 90 89 91
8 2.5 86 90 90 90 90 91 76 82 51 61 89 91 85 90
9 2.5 84 91 89 91 89 91 72 80 46 60 87 89 75 89
10 2.5 82 89 89 89 87 90 69 78 46 58 87 88 75 92

4 3.0 91 91 94 92 95 93 90 90 80 83 96 93 96 94
5 3.0 95 90 95 92 95 92 92 91 71 77 96 92 95 94
6 3.0 97 92 97 94 97 94 92 90 63 72 95 94 95 94
7 3.0 94 92 95 95 95 94 91 88 54 66 94 94 91 94
8 3.0 95 96 96 95 96 95 84 89 52 62 94 95 87 90
9 3.0 95 94 95 94 95 95 76 88 49 61 92 93 75 91
10 3.0 96 88 95 92 96 92 71 81 50 56 91 93 74 88

4 3.5 92 92 95 92 95 95 95 88 81 82 96 94 96 96
5 3.5 90 93 93 93 96 95 93 92 68 77 96 95 97 94
6 3.5 91 94 93 94 94 97 91 93 60 72 95 97 95 95
7 3.5 92 94 93 94 96 96 90 92 54 66 95 96 93 96
8 3.5 92 92 94 93 95 96 82 89 52 60 93 95 92 94
9 3.5 92 92 95 93 96 96 76 88 49 59 93 95 90 96
10 3.5 93 92 93 93 96 96 69 84 53 56 92 94 75 93

TABLE VII

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE K-L DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII.

Bagged Boosted Naı̈ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 83 82 87 86 87 87 89 86 87 88 88 87 84 85
5 2.0 81 82 87 86 86 86 87 87 84 88 87 87 85 87
6 2.0 81 78 87 85 87 86 87 87 79 85 88 87 82 84
7 2.0 79 81 85 85 85 86 86 88 77 83 88 87 80 85
8 2.0 79 81 85 85 85 87 86 87 75 80 87 86 78 84
9 2.0 79 80 85 85 85 86 82 86 70 79 86 87 77 82
10 2.0 83 79 87 86 86 85 83 86 69 78 84 87 78 81

4 2.5 82 84 86 87 88 87 88 88 90 90 88 87 84 88
5 2.5 84 85 87 87 87 88 88 87 85 89 89 88 84 86
6 2.5 85 84 86 87 87 88 87 87 79 86 87 88 82 84
7 2.5 82 83 87 87 87 88 89 88 76 85 88 88 79 87
8 2.5 83 84 87 87 88 87 88 88 76 81 88 87 79 85
9 2.5 84 84 86 87 87 87 88 88 69 79 86 88 77 85
10 2.5 82 83 86 87 85 87 88 89 69 78 87 87 76 82

4 3.0 84 86 88 87 90 87 89 88 90 89 88 88 84 88
5 3.0 85 87 89 89 89 90 89 89 87 88 88 89 84 86
6 3.0 83 84 88 89 89 90 89 89 82 88 89 89 83 86
7 3.0 85 84 88 88 90 89 89 90 79 87 89 89 79 87
8 3.0 84 84 89 89 89 89 89 90 76 82 89 89 78 86
9 3.0 84 83 88 88 90 90 88 90 72 80 90 90 76 85
10 3.0 82 84 89 88 88 89 87 90 70 80 88 90 77 82

4 3.5 88 89 90 91 91 91 90 91 91 91 90 90 84 86
5 3.5 89 88 91 90 90 90 90 92 87 90 90 91 85 85
6 3.5 90 87 89 89 89 90 90 92 84 89 90 90 83 85
7 3.5 88 85 90 89 89 88 90 91 81 87 90 90 80 84
8 3.5 87 86 89 89 88 89 90 90 77 84 90 89 80 84
9 3.5 85 85 90 90 88 89 89 90 75 83 89 90 77 86
10 3.5 88 87 91 89 90 90 89 90 73 80 89 90 74 85

TABLE VIII

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE K-N DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII.
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Bagged Boosted Naı̈ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 83 87 87 87 82 86 81 81 88 87 87 88 83 85
5 2.0 80 83 87 87 84 83 78 78 85 85 87 87 84 85
6 2.0 79 82 87 87 83 84 82 79 84 85 88 87 86 85
7 2.0 86 80 89 87 85 85 79 79 84 83 87 88 86 85
8 2.0 80 81 87 87 85 83 77 81 82 81 85 85 86 86
9 2.0 81 82 88 87 85 85 78 79 78 81 85 86 86 87
10 2.0 81 89 85 90 86 87 77 77 80 80 86 85 84 87

4 2.5 86 89 91 89 90 89 84 87 94 93 92 91 91 88
5 2.5 85 88 90 90 91 89 84 84 92 90 91 90 92 90
6 2.5 84 90 89 90 90 89 83 86 92 90 91 91 91 91
7 2.5 84 87 89 89 90 90 81 84 91 89 92 91 82 91
8 2.5 86 88 88 90 90 89 80 83 89 88 90 90 89 90
9 2.5 86 90 90 91 90 90 80 81 89 88 90 89 90 91
10 2.5 86 87 89 88 89 89 81 82 85 88 89 89 89 90

4 3.0 93 90 94 92 94 93 93 90 96 94 96 94 85 92
5 3.0 94 90 94 93 94 93 91 88 95 93 96 94 97 93
6 3.0 93 93 95 93 94 94 91 89 95 94 97 94 95 93
7 3.0 94 91 95 93 95 94 90 89 94 93 96 94 95 93
8 3.0 93 91 95 94 94 94 92 88 93 93 96 95 95 95
9 3.0 93 91 95 94 95 94 92 89 93 93 95 94 96 95
10 3.0 90 89 93 93 93 93 88 89 93 92 94 95 94 94

4 3.5 95 93 97 95 96 96 94 91 96 96 98 96 98 95
5 3.5 95 94 97 95 96 96 94 91 95 95 98 96 97 97
6 3.5 96 95 97 96 96 96 94 95 95 96 98 98 96 97
7 3.5 97 95 98 96 97 96 92 95 94 94 97 98 97 97
8 3.5 96 95 97 96 96 96 92 94 94 93 97 97 96 98
9 3.5 97 95 97 96 97 95 91 94 93 93 96 96 96 96
10 3.5 96 95 97 96 96 95 91 92 91 94 96 96 95 95

TABLE IX

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE L-N DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII.

Bagged Boosted Naı̈ve Random Neural
Radius C4.5 C4.5 C4.5 VFI Bayes Forests Network

Order (mm) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z) (PZ) (Z)
4 2.0 85 84 88 87 88 87 90 90 86 87 89 88 85 86
5 2.0 82 83 88 87 89 87 86 90 83 86 88 88 85 87
6 2.0 83 82 88 86 88 87 87 88 80 84 88 88 84 85
7 2.0 83 83 88 87 88 87 87 86 79 82 88 88 84 86
8 2.0 83 82 87 87 88 87 84 88 77 81 87 88 80 85
9 2.0 82 83 86 88 87 87 83 86 74 80 86 88 77 85
10 2.0 79 84 86 87 86 87 82 83 73 79 86 87 62 84

4 2.5 82 83 87 88 89 88 88 89 85 89 89 89 87 89
5 2.5 80 82 87 87 87 88 88 87 83 87 88 90 87 88
6 2.5 82 83 87 87 88 88 87 87 80 85 89 88 84 86
7 2.5 82 82 88 88 88 88 85 88 78 83 88 88 80 87
8 2.5 81 83 86 88 86 88 86 87 78 80 87 88 81 87
9 2.5 80 83 86 87 86 87 84 86 73 80 88 87 77 85
10 2.5 80 81 86 87 85 87 84 86 74 80 87 88 62 84

4 3.0 86 86 89 89 90 89 90 90 85 89 90 89 87 89
5 3.0 85 85 90 89 90 90 90 90 83 87 90 90 87 88
6 3.0 83 89 89 90 89 90 88 90 79 84 89 90 84 86
7 3.0 85 85 90 89 90 89 88 90 78 82 89 90 80 87
8 3.0 84 85 89 89 90 89 86 89 78 79 89 89 81 87
9 3.0 85 85 89 89 89 88 84 88 74 80 88 89 62 86
10 3.0 83 85 89 89 89 89 84 87 75 79 88 88 63 84

4 3.5 89 90 91 91 91 91 89 90 87 88 90 91 88 88
5 3.5 89 90 91 92 91 92 90 90 83 88 90 91 87 87
6 3.5 87 89 90 91 91 91 89 90 79 85 89 91 86 88
7 3.5 89 89 90 90 91 90 89 91 77 83 89 89 85 87
8 3.5 87 89 90 91 90 91 87 90 77 80 88 90 85 87
9 3.5 87 87 89 90 88 90 86 88 75 78 88 89 80 88
10 3.5 87 88 90 90 90 89 84 89 76 79 88 89 64 87

TABLE X

CLASSIFICATION ACCURACY FOR THE TWO TRANSFORMATIONS (PZ = PSEUDO-ZERNIKE, Z = ZERNIKE) OVER THE NL-K DATASET ON THE TESTED

POLYNOMIAL ORDERS AND TRANSFORMATION RADII.


